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We formulate the electroweak chiral Lagrangian in its mass eigenstates,
and study the its one-loop renormalization and provide its renormalization
group equations to the same order, so as to complete it as the low energy
effective theory of the standard model below a few TeV. In order to make
our computation consistent, we have provided a modified power counting
rule to estimate the contributions of higher loop and higher operators. As
one of the application of its renormalization group equations, we analyze
the solution to the effects of the Higgs scalar. We find that similar to the
SU(2) case, that the triple anomalous couplings are sensitive to the quar-
tic couplings (here α5). While the quadratic anomalous couplings are not
sensitive, due to the large leading contributions and the accidental cancel-
lation. The differences in the triple anomalous couplings between the direct
method and renormalization group equation method are well within the
detection power of the LHC and LC, if the Higgs scalar is not too heavy
(say, 300 or 400 GeV). We also suggest a new mechanism to generate the
negative S parameter through the radiative corrections of the anomalous
couplings. Comparison of the renormalization group equation method and
direct methods is provided in the full theory, the standard model, to reveal
the basic differences of them. The problem of the unitarity violation is also
addressed for our assumption in the modified power counting rule.
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I. INTRODUCTION
The effective field theory (EFT) method [1–3] is a universal and powerful theoretical
framework for us to understand the laws and rules of the nature. According to its spirit
[2, 3], the practical ingredients of this method should at least include the following two
basic constituents: 1) the most important dynamic degrees of freedom (DOFs) and 2)
the most important interactions among these DOFs. For some cases where quantum
corrections are considerable, we need the third ingredient, 3) the renormalization group
equations (RGEs), which is indispensable to efficiently sum up large logarithms, like in
B physics. 4) The only remnants of the higher dynamics are reflected by the initial
conditions of the anomalous couplings (ACs) at the matching scale, which can affect low
energy phenomenologies when the RGEs develop from the ultraviolet cutoff ( the matching
scale ) of the effective theory down to the infrared cutoff ( below which some of the low
energy DOFs of the effective theory will decouple and the effective description will break
down, and a new effective theory should be introduced).
There are two important effective theories, the QCD chiral Lagrangian [4] and the
electroweak chiral Lagrangian (EWCL) [5,6]. These two theories are suitable to describe
hadronic dynamics from 100 MeV to 1 GeV (4πv0, with v0 = 92 MeV) and electroweak
dynamics from 90 GeV to 2.5 TeV (4πv0, with v0 = 246 GeV), respectively. The RGEs of
the Chiral perturbation theory (ChPT) have been studied up to O(p6) order [7]. While
the RGEs of the EWCL is still lack.
The RGEs of the EWCL are necessary due to the fact that most of the ACs (the
anomalous in ACs means the deviation from the requirement of the renormalizability,
since after integrating out the heavy DOF, the divergences generated by low energy DOF
can not be canceled out so that the anomalous operators (AOs) must be introduced )
are induced by loop processes in the standard model (SM) and are small, so that if the
ACs from new physics are not small, the radiative corrections of low energy DOF might
be relatively important. Since we do not know the actual mechanism of the electroweak
symmetry breaking, and the ACs can be considerable large, as in the not too heavy
Higgs case we consider below. The present experimental constraint on the ACs [8] can be
summarized and estimated as
(α1 α8 β) ∼ O(0.01), (α2 α3 α9) ∼ O(0.1), (α4 α5 α6 α7 αa) ∼ O(1) , (1)
which indicates that the radiative corrections from the permitted ACs could be large.
Another pure theoretical reason for us to consider the RGEs of the EWCL is that up
to the O(p4), the 11 extra operators belong to the marginal operators in the Wilsonian
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renormalization method [9, 10], we just want to know the behavior of these ACs under
the drive of quantum fluctuations. More practically, considering the fact that the new
machines, the LHC and future linear colliders (TESLA or JLC), can increase their mea-
surement precision up to two orders than the LEP, it is urgent to upgrade the theoretical
prediction precisions of the electroweak theory to the same order. Furthermore, once these
machines will start to run, it is quite necessary for the experimentalists to conduct their
analysis in a universal and model-independent way, then the RGEs can meet this end,
and can provide a powerful tool to comparatively study most of the new physics candi-
dates. So, deriving the RGEs of EWCL and taking into account the radiative corrections
of low energy DOF become important, at least should be as important as to consider the
contributions of operators at O(p6) order.
The study of the EWCL is started from quite early time, and can be traced back to the
references [5], where the author began to study the independent operator set of the EWCL
up to O(p4), and in 1993, the authors of [6], A. Appliquist and G. H. Wu, established
the relations of the ACs in the EWCL with the usual precision test quantities [11]. The
ACs in various models have been derived in [12]. The authors of the reference [13] also
extended the EWCL to include one light Higgs, and recently, the reference [14] explored
the light Higgs case to the precision test constraints. In 1996, the authors of [15], H.
J. He, Y. P. Kuang, and C. P. Yuan, by using the equivalence theorem [16] and the
modified power counting rule, qualitatively and quasi-quantitative estimated the detection
power of several possible new machines to these effective operators. The authors of [17]
have extended the bosonic EWCL to the fermionic part. Recently, the authors [18] have
explored to formulate EWCL in the partial mass eigenstates. Several groups even have
studied the complete set of operators of O(p6), and their possible effects in the LHC and
LC are also analyzed [19].
People expect that these operators up to O(p6) might be important in LHC and
LC. Considering the possible situation for the measurement at the LHC and LC, the
ACs can be determined at 200 GeV, 500 GeV, and 1 TeV, for instance. The values of
these couplings might be definitely measured different considering the precision that these
machines can reach, just like that αem = 1/137 at me and αem = 1/128 at mZ . Then it
is urgent for us to understand the underlying reason for these differences.
There are two obstacles for us to study the renormalization of the EWCL and derive
its RGEs. 1) The non-linear effective gauge theory is a non-renormalizable theory (Non-
renormalizability here means that there will be the tower of infinite divergence structure
and quartic divergences even at one-loop level), how to consider its renormalization order
by order? 2) There are so many interaction vertices, how to efficiently evaluate the
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loop contributions of those large amount of Feynman diagrams? We have shown the
basic conceptions in our paper [20] as to overcome the first obstacle in the framework of
effective theory, and the second one by using the background field method [21] (BFM).
In our previous work [22], by using the related conceptions and tools, we have found
that when the quartic ACs are large (In the Higgs model, corresponding to the case that
the Higgs is not too heavy), the contributions of low energy dynamic DOF can be quite
significant, and the predictions of the RGE method and the direct method (DM) (where
the mass squared terms are dropped due to the fact that in the decoupling limit those
terms can be safely neglected) are quite different. So it is natural and logic for us to
examine these properties in the EWCL case.
In this paper, we will study the one-loop renormalization of the EWCL and derive its
RGEs. In order to systematically and consistently control the contributions of the higher
loop and higher operators, we provide a modified power counting rule. Considering the
fact that the complete RGEs are very complicated (we will provide in our next paper [23]),
here we only provide the simplified but workable ones. But we would like to emphasize
that our numerical analysis is based on the complete RGEs and is reliable. We will use
the conceptions developed in our previous works. The basic computational skills include
the BFM [21], the Stueckelberg transformation [24], the Schwinger proper time and heat
kernel method [25], and the covariant short distance expansion technology [26]. With
these conceptions and methods, we will extract the desired one loop RGEs of EWCL,
so, theoretically, as to complete it as a realistic theoretical framework to describe the
SM below a few TeV. We will also examine the Higgs’ contribution to the low energy
precision test parameters. We find that similar to the SU(2) case, the triple gauge vertices
are quite sensitive to the large quartic ACs. While the quadratic ones are not sensitive
for the EWCL of Higgs model, and the underlying reason is due to the large leading
contributions and the accidental cancellation between α2 and α3. For those cases where
there is no such cancellation, the quadratic vertices might also be sensitive to the large
quartic ACs couplings. We also compare the predictions given by the DM. The results
given by these two methods are quite different in the case of EWCL of Higgs model, and
the differences are well within the detection power of the LHC and LC. The basic reason
for the differences are revealed in the full theory, the SM. We also address the problem of
the unitarity violation related with our modified power counting rule.
For the conventions of the computation below, we would like to emphasize that, in
order to avoid inconsistency, all formula are provided in the Euclidean space, including
the partition functional from the beginning.
This paper is organized as follows. In Sec. II, the bosons sector of the standard model
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is introduced. In Sec. III, the EWCL Lew up to O(p4) are introduced, we introduce a new
basis of the mass eigenstates for the effective operators. In Sec. IV, the renormalization
of the SM in BFM is conducted to provide a reference for the effective ones. In Sec. V, we
use the BFM to extract the quadratic terms of quantum fields, to evaluate the logarithm
and trace, and to construct the RGEs. In Sec. VI, the ACs of the EWCL of the Higgs
model is analyzed and the Higgs’ contribution to electroweak precision test parameters
are studied. We end this paper with several discussions and conclusions. The appendix
is devoted to provide the related matrices of the quadratic terms of the standard form.
II. THE STANDARD MODEL
The Lagrangian of the standard SU(2)× U(1) gauge theory can be formulated as
L = −H1 −H2 − (Dφ)† · (Dφ)
+µ2φ†φ− λ
4
(φ†φ)2 + Lψ + LY ukawa , (2)
H1 =
1
4
W aµνW
aµν , (3)
H2 =
1
4
BµνB
µν , (4)
where theW and B are the vector bosons of SUL(2) and UY (1) gauge groups, respectively.
The φ is the Higgs field, a weak doublet scalar. The µ2 and λ are two variables of the Higgs
potential, which determine the spontaneous breaking of symmetry. The Lψ and LY ukawa
are the standard gauge interactions of Fermions and the Yukawa coupling between the
Higgs field and Fermions, respectively. For the sake of simplicity, the interactions of
Fermions are neglected below. And the relevant definitions are listed below
W aµν = ∂µW
a
ν − ∂νW aµ + gfabcW bµW cν , (5)
Bµν = ∂µBν − ∂νBµ , (6)
Dµφ = ∂µφ− igW aµT a − iyφg′BµT 3φ , (7)
φ† = (φ∗1, φ
∗
2) , (8)
where T a are the generators of the Lie algebra of SU(2) gauge group, and a = 1, 2, 3. The
Y charge of the field φ and yφ = −1. The g and g′ are the couplings of the corresponding
gauge interactions, respectively.
The spontaneous symmetry breaking is induced by the positive mass square µ2 in the
Higgs potential. The vacuum expectation value of Higgs field is solved from the Higgs
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potential as |〈φ〉| = v/√2. And by eating the corresponding Goldstone bosons, the vector
bosons W and Z obtain their masses, while the vector bosons A of the unbroken U(1)em
gauge symmetry are still massless. The Lagrangian given in Eq. (2) with the Higgs
mechanism can be reformulated in its nonlinear form by changing the variable φ
φ =
1√
2
(v + h)U , U = exp
(
2
iξaT a
v
)
, v = 2
√
µ2
λ
, (9)
where the h is the Higgs scalar, v is the vacuum expectation value. The U is a phase
factor, and the ξa, a = 1, 2, 3 are the corresponding Goldstone bosons as prescribed by
the Goldstone theorem.
As we know, the change of variables in Eq. (9) induces a determinant factor in the
functional integral Z
Z =
∫
DW aµDhDξb exp
(
− S ′[W,h, ξ]
)
det
{(
1 +
1
v
h
)
δ(x− y)
}
. (10)
and correspondingly modifies the Lagrangian density to
L = −H1 −H2 − (v + h)
2
4
tr[DU † ·DU ]
−1
2
∂h · ∂h + µ
2
2
(v + h)2 − λ
16
(v + h)4 − δ4(0)ln
{
1 +
1
v
h
}
. (11)
As pointed out by several references [27], this determinant containing quartic divergences
is indispensable and crucial to cancel exactly the quartic divergences brought into by the
longitudinal part of vector bosons, and is important in verifying the renormalizability of
the Higgs model in the U-gauge and the equivalence of U-gauge to other gauges.
III. THE EFFECTIVE LAGRANGIAN UP TO O(P 4) (THE RELEVANT AND
MARGINAL OPERATORS)
The most general effective Lagrangian LEW , which respects the Lorenz invariance, the
SU(2)× U(1) gauge symmetry, and the discrete symmetries (the charge, parity, and the
combined CP symmetries), can be formulated as
LEW = Lp
2
EW + Lp
4
EW + · · ·+ Lqd (12)
Lp2EW = LB , (13)
Lp4EW = βL0 +
a∑
i=1
αiLi (14)
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where
LB = −H1 −H2 + LWZ , (15)
LWZ = v
2
4
tr(V · V ) = −v
2
8
(G2Z · Z + 2g2W+ ·W−) , (16)
where G is defined as G =
√
g2 + g′2. After using the relations of Lie algebra and the
classic equation of motion to eliminate the redundant operators, the complete Lagrangian
Lp4EW includes the following independent operators [5, 6]:
L0 = v
2
4
[tr(T Vµ)]2 ,
L1 = igg
′
2
Bµνtr(TW µν) ,
L2 = ig
′
2
Bµνtr(T [V µ, V ν ]) ,
L3 = igtr(Wµν [V µ, V ν ]) ,
L4 = [tr(VµVν)]2 ,
L5 = [tr(VµV µ)]2 ,
L6 = tr(VµVν)tr(T V µ)tr(T V ν) ,
L7 = tr(VµV µ)[tr(T V ν)]2 ,
L8 = g
2
4
[tr(TWµν)]2 ,
L9 = ig
2
tr(TWµν)tr(T [V µ, V ν ]) ,
La = [tr(T Vµ)tr(T Vν)]2 . (17)
where the auxiliary variable Vµ and T is defined as
Vµ = U
†(∂µ − iW aµT a)U + iBµT 3 . (18)
T = 2U †T 3U = U †τ 3U , (19)
with the τ 3 is the third Pauli matrices. The operators H1, H2, and Li, i = 1, · · · , a
contribute the kinetic, trilinear, and quartic interactions. While operators LWZ and L0
contribute to the mass terms.
The effective Lagrangian LEW is invariant under the following local chiral transforma-
tion
U → gLUg†R ,
Wµ → gLWµg†L + igL∂µg†L ,
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Wµν → gLWµνg†L ,
Bµ → Bµ + igR∂µg†R ,
Bµν → Bµν , (20)
where the gauge transformation factor gL and gR are defined as
gL = exp
{
iαaLT
a
}
, gR = exp
{
iβRT
3
}
. (21)
The ACs αi form the effective parameter space, when the effective scale µ runs from its
ultraviolet cutoff down to its infrared cutoff, each theory will depict a characteristic curve
in this space. The initial conditions of the ACs at the ultraviolet cutoff (the matching scale
of the effective theory and the full theory) reflect the remnant of high energy dynamics,
while the effects of the heavy DOF to the low energy dynamics can be solved out from the
corresponding RGEs. By measuring the ACs at different energy scales, we can extract
important information of the possible underlying theory and induce the actual mechanism
of the spontaneous symmetry breaking.
The Higgs model ( a full and renormalizable theory ) given in Eq. (11) can be effec-
tively described by the effective Lagrangian LEW if the Higgs field is heavy and integrated
out. The equation of motion of the Higgs field h can express it into the low energy DOFs,
which reads
h = − v
2m20
tr(DU † ·DU) + · · · ,
=
v
2m20
tr(V · V ) + · · · , (22)
m20 =
1
2
λv2 , (23)
where m0 is the mass of Higgs boson. The omitted terms contain at least four covariant
partials and belong to operators O(p6).
At the matching scale, after matching the full theory and the effective theory by
integrating out the heavy Higgs scalar, we get the following initial condition for the ACs
β(m0) = 0 , α5(m0) =
v2
8m20
=
1
4λ
, αi(m0) = 0 , i 6= 5, (24)
Since the couplings of these AOs are dimensionless, naively from the power law we
expect that the complete Lagrangian with both relevant and marginal operators is renor-
malizable. But, as well known, the longitudinal part of the propagators of vector bosons
will invalidate this power counting law. Here we emphasize that the terms in the Lqd
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make it possible in practical computation to simply and consistently discard those quar-
tic divergences, and make it possible to renormalize the effective Lagrangian order by
order.
The above set of operator is formulated in the interaction eigenstates, and below we
introduce an equivalent basis (in U-gauge) represented in its mass eigenstates A, W±,
and Z (these particles are the ones detected in experimental facilities), which read
LEW = −
4∑
i=1
CiOi +
c∑
i=5
CiOi − OMW − ρOMZ , (25)
O1 =
1
4
AµνA
µν ,
O2 =
1
2
AµνZ
µν ,
O3 =
1
4
ZµνZ
µν ,
O4 =
1
2
W+µνW
−µν ,
O5 =
i
2
AµνW
+µW−ν ,
O6 =
i
2
ZµνW
+µW−ν ,
O7 =
i
2
(
W+µνZ
µW−ν −W−µνZµW+ν
)
,
O8 = Z · ZW+ ·W− ,
O9 = Z ·W+Z ·W− ,
Oa = Z · ZZ · Z ,
Ob = W
+ ·W−W+ ·W− ,
Oc = W
+ ·W+W− ·W− ,
OMW =
v2
4
W+ ·W− ,
OMZ =
v2
8
Z · Z , (26)
where the first 12 contribute to the kinetic, triple, and quartic interactions, and the last
two contribute to the masses of vector bosons. This set of operators are all expressed
in the mass eigenstates, while the operators given in [18] are only partially expressed in
the mass eigenstates, where the authors have only chosen Z and W±, and used B (which
is not mass eigenstates). That’s why we call their basis as operators in partial mass
eigenstates. And the relevant definitions are given as
Aµν = ∂µAν − ∂νAµ ,
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Zµν = ∂µZν − ∂νZµ ,
W±µν = dµW
±
ν − dνW±µ
dµW
±
ν = ∂µW
±
ν ∓ ieAµW±ν . (27)
The fundamental relations between the mass eigenstates and the weak interaction
eigenstates are determined as
A = sin θWW
3 + cos θWB, Z = − cos θWW 3 + sin θWB,
W+ =
1√
2
(W 1 − iW 2), W− = 1√
2
(W 1 + iW 2),
e =
g′g
G
, tan θW =
g′
g
, (28)
where the thetaW is also called the Weinberg angle. There are also some important
relations, which we list below
W˜+µν =W
+
µν − i
g2
G
F+µν , (29)
W˜−µν =W
−
µν − i
g2
G
F−µν , (30)
W˜ 3µν =
g′
G
Aµν − g
G
Zµν − igFZµν , (31)
Bµν =
g
G
Aµν +
g′
G
Zµν , (32)
where the definitions of F+µν , F
−
µν , and F
Z
µν , read
F+µν =W
+
µ Zν −W+ν Zµ , (33)
F−µν = ZµW
−
ν − ZνW−µ , (34)
FZµν =W
+
µ W
−
ν −W+ν W−µ . (35)
These 14 operators are linearly independent with each other, and are equivalent with
those 14 bosonic terms in the effective Lagrangian given in Eq. (12).
Transformation relations of the masses operators of these two independent sets are
determined as
LWZ = OMW +OMZ , L0 = −2OMZ . (36)
And the relations of rest operators read
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H1 = − 1
2G2
(
−2g′2O1 + 2gg′O2 − 2g2O3 − 2G2O4 + 4gGg′O5
−4g2GO6 + 4g2GO7 − 2g4O8 + 2g4O9 − g2G2Ob + g2G2Oc
)
,
H2 = − 1
G2
(
−g2O1 − gg′O2 − g′2O3
)
,
L1 = − 1
G2
(
−2g2g′2O1 + g3g′O2 − gg′3O2
+2g2g
′2O3 + 2g
3Gg
′
O5 + 2g
2Gg
′2O6
)
,
L2 = 1
G
(
−2g3g′O5 − 2g2g′2O6
)
,
L3 = −2g
3g
′
G
O5 + 2
g4
G
O6 − 2g2GO7 + 2g4O8 − 2g4O9 + g4Ob − g4Oc ,
L4 = 1
4
(
4g2G2O9 +G
4Oa + 2g
4Ob + 2g
4Oc
)
,
L5 = 1
4
(
4g2G2O8 +G
4Oa + 4g
4Ob
)
,
L6 = 1
2
(
2g2G2O9 +G
4Oa
)
,
L7 = 1
2
(
2g2G2O8 +G
4Oa
)
,
L8 = g
2
2G2
(
2g
′2O1 − 2gg′(O2 + 2GO5)
+g2 (2O3 +G(4O6 +GOb −GOc))
)
,
L9 = g
3
G
(
−2g′O5 + 2gO6 + gGOb − gGOc
)
,
La = G
4
2
Oa . (37)
The reverse relations among these operators, which are quite helpful for us to extract the
standard structures of the EWCL given in Eq. (17), read
OMZ = −
1
2
L0 ,
OMW = LWZ +
1
2
L0 ,
O1 =
1
g2G2
(
g4H2 + g
2(L1 − L2)
+g
′2(−L4 + L5 + L6 − L7 + L8 − L9)
)
,
O2 =
1
gG2g′
[
g2(2g
′2H2 − L1 + L2)
+g
′2 (L1 −L2 + 2(L4 −L5 −L6 + L7 −L8 + L9))
]
,
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O3 =
1
G2
(
g
′2H2 − L1 + L2 − L4 + L5 + L6 −L7 + L8 −L9
)
,
O4 = − 1
g2G4
(
g4(L6 −L7) +G4L8 − g2G2(G2H1 −L3 + L9)
)
,
O5 = − 1
2g3Gg′
(
g2L2 + g′2(2L4 − 2L5 − 2L6 + 2L7 + L9)
)
,
O6 =
1
2g2G
(−L2 + 2L4 − 2L5 − 2L6 + 2L7 + L9) ,
O7 = − 1
2g2G3
(
2g2(L6 − L7) +G2(L3 −L9)
)
,
O8 =
1
g2G2
(L7 −La) ,
O9 =
1
g2G2
(L6 −La) ,
Oa =
1
G4
(2La) ,
Ob =
1
2g4
(2L5 − 2L7 + La) ,
Oc =
1
2g4
(4L4 − 2L5 − 4L6 + 2L7 + La) . (38)
One of the advantages of the set of operators given in Eq. (38) is that it is helpful
to discuss different symmetry breaking patterns. By setting all terms with Z vanished
we get the pattern SU(2) → U(1) [28]; by setting all terms with A vanished we get the
pattern SU(2) breaks to a global U(1) if the mass of Z different from that of W±. In our
paper [22], we have studied the pattern that a local SU(2) breaks to a global SU(2). For
the different symmetry breaking patterns, the corresponding RGEs can be obtained by
taking the limits to eliminate some of the ACs from the effective Lagrangian.
The ρ is related to β as
β =
ρ− 1
2
. (39)
The relations of ECs between αi and Ci are determined as
α1 = −C1
G2
+
gC2
G2g′
− g
′
C2
gG2
+
C3
G2
, (40)
α2 =
C1
G2
− gC2
G2g′
+
g
′
C2
gG2
− C3
G2
− C5
2gGg′
− C6
2g2G
, (41)
α3 =
C4
G2
− C7
2g2G
, (42)
α4 =
g
′2C1
g2G2
− 2g
′
C2
gG2
+
C3
G2
− g
′
C5
g3G
+
C6
g2G
+
2Cc
g4
, (43)
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α5 = −g
′2C1
g2G2
+
2g
′
C2
gG2
− C3
G2
+
g
′
C5
g3G
− C6
g2G
+
Cb
g4
− Cc
g4
, (44)
α6 = −g
′2C1
g2G2
+
2g
′
C2
gG2
− C3
G2
+
g2C4
G4
+
+
g
′
C5
g3G
− C6
g2G
− C7
G3
+
C9
g2G2
− 2Cc
g4
, (45)
α7 =
g
′2C1
g2G2
− 2g
′
C2
gG2
+
C3
G2
− g
2C4
G4
−g
′
C5
g3G
+
C6
g2G
+
C7
G3
+
C8
g2G2
− Cb
g4
+
Cc
g4
, (46)
α8 = −g
′2C1
g2G2
+
2g
′
C2
gG2
− C3
G2
+
C4
g2
, (47)
α9 =
g
′2C1
g2G2
− 2g
′
C2
gG2
+
C3
G2
− C4
G2
− g
′
C5
2g3G
+
C6
2g2G
+
C7
2g2G
, (48)
αa = − C8
g2G2
− C9
g2G2
+
2Ca
G4
+
Cb
2g4
+
Cc
2g4
. (49)
The inverse relations between the ACs αi and the ECs Ci read
C1 = 1− g
2g
′2
G2
(2α1 + α8) , (50)
C2 =
gg
′
G2
(
α1g
2 − α1g′2 + α8g2
)
, (51)
C3 = 1− g
2
G2
(
α8g
2 − 2α1g′2
)
, (52)
C4 = 1, (53)
C5 =
2gg
′
G
(
1− (α1 + α2 + α3 + α8 + α9)g2
)
, (54)
C6 = −2g
2
G
(
1− (α3 + α8 + α9)g2 + (α1 + α2)g′2
)
, (55)
C7 =
2g2
G
(
1− α3G2
)
, (56)
C8 = − g
4
G2
+ 2α3g
4 + (α5 + α7)g
2G2, (57)
C9 =
g4
G2
− 2α3g4 + (α4 + α6)g2G2, (58)
Ca =
G4
4
(α4 + α5 + 2α6 + 2α7 + 2αa) , (59)
Cb = −g
2
2
+
g4
2
(2α3 + α4 + 2α5 + α8 + 2α9) , (60)
Cc =
g2
2
− g
4
2
(2α3 − α4 + α8 + 2α9) . (61)
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There is an equation among C1, C2, and C3, which reads
G2 = C1g
2 + 2gg′C2 + C3g
′2 . (62)
Such a relation indicates that there are only two of these three parameters are free. The
coupling C4 is a fixed constant. It is worthy to mention that the factors before the
gauge kinetic terms of vector field A and Z are not unit. For a large α1 and α8, with
large couplings g and g′, C1 and C3 might be very small ( it is possible for some strong
couplings theories), which in effect is equivalent to the strong coupling of A and Z after
normalizing the kinetic terms. The ECs Ci contain not only the contributions of the SM,
but also those of the ACs. When αi vanish, these Ci reduce to their values of the SM at
tree level without including the contribution of Higgs.
There is a remarkable feature, that the ACs αi always appear in the combination with
g2, g
′2, G2. Such a feature will be quite helpful for us to establish the modified power
counting rule.
Thus, there are 12 free parameters in Ci, including g and g
′ (please remember G2 =
g2 + g
′2). While there are also 12 free parameters in αi, including g and g
′. Such a fact
also indicates that these two bases are equivalent.
The Ci are just the ECs of the effective vertices among vector bosons when we calculate
the S−matrix by using the traditional Feynman diagram method in the mass eigenstates,
and the effects of the ACs of the EWCL and the background of the SM have been taken
into account in these ECs, as shown in Eq. (50—61).
IV. THE ONE LOOP RENORMALIZATION OF THE SM
In the spirit of the background field gauge quantization [21], we can decompose the
Goldstone field into the classic part U and quantum part ξ as
U → UÛ , Û = exp{ i2ξ
(v + h)
} . (63)
To parameterize the quantum Goldstone field in the above form is to simplify the presen-
tation of the standard form of quadratic terms. The vector fields in the mass eigenstates
are split as
Vµ → V µ + V̂µ , (64)
where V µ represents the classic background vector fields and V̂µ represents the quantum
vector fields.
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By using the Stueckelberg transformation [24] for the background vector fields,
W
s a → U †WU + iU †∂U ,B → B , Ŵ s a → U †ŴU , B̂ → B̂ , (65)
So the background Goldstone fields can completely be absorbed by redefining the back-
ground vector fields, and will not appear in the one-loop effective Lagrangian. The Stueck-
elberg fields is invariant under the gauge transformation of the background gauge fields,
such a property guarantees that the following computation is gauge invariant from the
beginning if we can express all effective vertices into the Stueckelberg fields. After the
loop calculation, by using the inverse Stueckelberg transformation, the Lagrangian can
be restored to the form represented by its low energy DOFs.
Similarly, the Higgs scalar is split as
h = h+ ĥ . (66)
We would like to comment on the relations between the interaction and mass eigen-
states. The mass eigenstates should be understood as the combination of the Stueckelberg
fields, and read
Z = − cos θW W s 3 + sin θW B , A = sin θW W s 3 + cos θW B ,
W+ =
1√
2
(W s 1 − iW s 2) , W− = 1√
2
(W s 1 + iW s 2) . (67)
Then by using these relations and the definition of Stueckelberg transformation, we can
formulate the set of independent operators in the mass eigenstates in U-gauge back to
that of the EWCL in the interaction eigenstates.
The equation of motion of the background vector fields is determined as
DµW˜νµ = −σ0,V V V ν , (68)
with W˜µν,T = {Aµν + ieF µνZ , Zµν − ig
2
G
F µνZ , W˜
+,µν , W˜−,µν}. The EOM of vector bosons
derives the following relations
∂ ln(v + h) · Z = −1
2
∂ · Z , (69)
∂ ln(v + h) ·W+ = −1
2
d ·W+ + i1
2
g′2
G
Z ·W+ , (70)
∂ ln(v + h) ·W− = −1
2
d ·W− − i1
2
g′2
G
Z ·W− , (71)
The equation of motion of the background Higgs field is given as
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∂2h = (v + h)[
G2
4
Z · Z + g
2
2
W+ ·W− − µ2 + λ
4
(v + h)2] . (72)
The gauge fixing term for the quantum fields are chosen as below in order to make
the quadratic terms have the standard form
LGF,A = −1
2
(∂ · Â− ie(Ŵ− ·W+ − Ŵ+ ·W−))2 , (73)
LGF,Z = −1
2
(∂ · Ẑ − 1
2
G(v + h)ξZ + i
g2
G
(Ŵ− ·W+ − Ŵ+ ·W−))2 , (74)
LGF,W = −(d · Ŵ+ + 1
2
g(v + h)ξ+W + i
g2
G
Z · Ŵ+ − ig
2
G
W
+ · Ẑ + ieW+ · Â)
(d · Ŵ− + 1
2
g(v + h)ξ−W − i
g2
G
Z · Ŵ− + ig
2
G
W
− · Ẑ − ieW− · Â) . (75)
Compared with the Dyson-Feynman method, the number of diagrams in BFM [21] for
the loop corrections can be greatly reduced. Another remarkable advantage is that, in the
BFM, each step of calculation is manifestly gauge covariant with reference to the gauge
transformation of the background gauge field, and the Ward identities have been naturally
incorporated in the calculation procedure. The method is quite powerful to deal with the
theories with many vertices, gravity and the nonlinear effective gauge theories (the EWCL
given below), for instance. At the same time, the freedom for choosing the different gauges
for the classic and quantum gauge field makes the procedure of calculation simple. The
Schwinger proper time and heat kernel method [25] in per se is the Feynman integral.
Combining with the covariant short distance expansion [26] in the coordinate space, these
methods can considerably simplify the loop calculation. In the next subsections, we will
use these concepts and methods to help us to extract the RGEs of the EWCL.
Several groups of authors have conducted the renormalization of the SM in the BFM
[29]. Different from their procedures which are performed in the momentum space, here
we conduct our calculation in the coordinate space and we only consider up to the one
loop renormalization ( For using the BFM to consider the two loop renormalization, please
refer to the literature of C. Lee in [26] and [32] ). Our purpose here is to check our method
and to provide a comparison to the renormalization of the effective one given in the next
section.
A. The quadratic forms of the one-loop Lagrangian
We can cast the quadratic terms of the one-loop Lagrangian into its standard form,
as prescribed in [22], which read
16
Lquad = 1
2
V̂ †aµ ✷
µν,ab
V V V̂
b
ν +
1
2
ξ†i✷ijξ ξξ
j + c¯a✷abc¯cc
b +
1
2
hˆ✷hhhˆ
+
1
2
V̂ †,aµ
↼
X
µ,aj
ξ ξ
j +
1
2
ξ†,i
⇀
X
ν,ib
ξ V̂
b
ν
+
1
2
V̂ †,aµ
↼
X
µ,a
h ĥ+
1
2
ĥ
⇀
X
µ,a
h V̂
a
µ +
1
2
ξ†,iX iξhĥ+
1
2
ĥX ihξξ
i , (76)
✷
µν,ab
V V = D
2,abgµν + σab0,V V g
µν + σµν,ab2,V V , (77)
✷
ij
ξ ξ = d
2,ij + σij0,ξξ + σ
ij
2,ξξ , (78)
✷hh = ∂
2 + σhh , (79)
✷
ab
c¯c = D
2,ab + σ,ab0,V V , (80)
X ihξ = X
α,i
hξ dα +X
i
hξ,0 , (81)
X iξh = X
α,i
ξh ∂α +X
i
ξh,0 (82)
where V † = (A,Z,W−,W+) and ξ† = (ξZ , ξ
−, ξ+), the covariant differential operators
D = ∂ + ΓV and d = ∂ + Γξ, and the gauge connection of vector bosons ΓV is defined as
ΓV,µ =

0 0 ieW−µ −ieW+µ
0 0 −ig2
G
W−µ i
g2
G
W+µ
ieW+µ −ig
2
G
W+µ −ieAµ + ig
2
G
Zµ 0
−ieW−µ ig
2
G
W−µ 0 ieAµ − ig
2
G
Zµ
 ,
The gauge connection of Goldstone bosons Γξ is defined as
Γξ,µ =

0 ig
2
W−µ −ig2W+µ
ig
2
W+µ −ieAµ 0
−ig
2
W−µ 0 ieAµ
 .
The mass matrices have the form σab0,V V = dia{0, G2(v + h)2/4, g2(v + h)2/4, g2(v + h)2/4}
and σij0,ξξ = dia{G2(v + h)2/4, g2(v + h)2/4, g2(v + h)2/4}.
The matrix σ2,V V is given below as
σµν,ab2,V V =

σµν2,AA σ
µν
2,AZ σ
µν
2,AW+ σ
µν
2,AW−
σµν2,ZA σ
µν
2,ZZ σ
µν
2,ZW+ σ
µν
2,ZW−
σµν2,W−A σ
µν
2,W−Z σ
µν
2,W−W+ σ
µν
2,W−W−
σµν2,W+A σ
µν
2,W+Z σ
µν
2,W+W+ σ
µν
2,W+W−
 ,
and the components read
σµν2,AA = σ
µν
2,AZ = σ
µν
2,ZA = σ
µν
2,ZZ = 0 ,
σµν2,AW+ = −σµν2,W+A = 2ieW˜−,µν ,
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σµν2,AW− = −σµν2,W−A = −2ieW˜+,µν ,
σµν2,ZW+ = −σµν2,W+Z = −2i
g2
G
W˜−,µν ,
σµν2,ZW− = −σµν2,W−Z = 2i
g2
G
W˜+,µν ,
σ2,W−W+ = −σ2,W+W− = 2igW 3,µν ,
σ2,W+W+ = σ2,W−W− = 0 , (83)
The matrix σ2,ξξ is given as
σij2,ξξ =

σ2,ξZξZ σ2,ξZξ+ σ2,ξZξ−
σ2,ξ−ξZ σ2,ξ−ξ+ σ2,ξ−ξ−
σ2,ξ+ξZ σ2,ξ+ξ+ σ2,ξ+ξ−
 ,
and its components read
σ2,ξZξZ =
λ
4
[v2 − (v + h)2]− G
2
4
Z · Z ,
σ2,ξ+ξ+ = −g
2
4
W− ·W− ,
σ2,ξ−ξ− = −g
2
4
W+ ·W+ ,
σ2,ξZξ+ = σ2,ξ+ξZ =
gG
4
W− · Z ,
σ2,ξZξ− = σ2,ξ−ξZ =
gG
4
W+ · Z ,
σ2,ξ+ξ− = σ2,ξ−ξ+ =
λ
4
[v2 − (v + h)2]− g
2
4
W+ ·W− . (84)
We have used the equation of motion of the background Higgs given in Eq. (72) in this
step, which is reflected by the terms proportional to λ in σ2,ξZξZ , σ2,ξ+ξ−, and σ2,ξ−ξ+ .
The σhh is determined as
σhh = −1
4
(G2Z · Z + 2g2W+ ·W−) + λ
4
v2 − 3
4
λ(v + h)2 . (85)
The mixing terms between the vector and Goldstone bosons are determined as
↼
X
µ,aj
ξ =

0 −ig2g′
G
(v + h)W−,µ ig
2g′
G
(v + h)W+,µ
G∂µh i g
2G
(g2 − g′2)(v + h)W−,µ −i g
2G
(g2 − g′2)(v + h)W+,µ
−ig2
2
(v + h)W+,µ −g∂µh− 1
2
igG(v + h)Zµ 0
ig
2
2
(v + h)W−,µ 0 −g∂µh + 1
2
igG(v + h)Zµ
 ,
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while the matrix
⇀
X
µ,aj
ξ is just the rearrangement of the
↼
X
µ,aj
ξ , and here we do not rewrite
it. The mixing terms between vector and Higgs bosons are determined as
↼
X
µ,a
h = {0,−
1
2
G2(v + h)Zµ,−1
2
g2(v + h)W+,µ,−1
2
g2(v + h)W−,µ} , (86)
The mixing terms
⇀
X
µ,a
h is the rearrangement of the
↼
X
µ,a
h . The mixing terms between
Higgs and Goldstone bosons are determined as
Xα,ihξ = {−GZα, gW−,α, gW+,α} , (87)
X ihξ,0 = {−
G
2
∂ · Z, g
2
d ·W− − i1
2
(
g2
G
−G)W− · Z,
g
2
d ·W+ + i1
2
(
g2
G
−G)W+ · Z} (88)
The terms Xα,iξh and X
i
ξh,0 are omitted here.
B. Evaluating the traces and logarithms
By diagonalizing the quantum fields, we can integrate the quadratic terms of the
Lagrangian by using the Gaussian integral. And the L1−loop can be expressed as the
traces and logarithms
S1−loop = Tr✷c¯c − 1
2
[
Tr ln✷V V + Tr ln✷
′
ξξ + Tr ln✷
′′
hh
]
, (89)
where
✷
′ij
ξξ = ✷
ij
ξξ −
⇀
Xξ✷
−1
V V
↼
Xξ , (90)
✷
′
hh = ✷hh −
⇀
Xh✷
−1
V V
↼
Xh , (91)
✷
′′
hh = ✷
′
hh −X ′hξ✷
′−1
ξξ Xξh , (92)
X ′hξ = Xhξ −
⇀
Xh✷
−1
V V
↼
Xξ , (93)
X ′ξh = Xξh −
⇀
Xξ✷
−1
V V
↼
Xh , (94)
Expanding the Tr ln✷′ξξ and Tr ln✷
′′
hh with the following relations
Tr ln✷′ξξ = Tr ln✷ξξ + Tr ln(1−
⇀
Xξ✷
−1
V V
↼
Xξ✷
−1
ξξ ) , (95)
Tr ln✷′′hh = Tr ln✷
′
hh + Tr ln(1−X ′hξ✷
′−1
ξξ Xξh✷
′−1
hh ) . (96)
Since we consider the renormalization, so we are only interested in those divergent terms,
which can be expressed as
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∫
x
L1−loop = Tr✷c¯c − 1
2
[
Tr ln✷V V + Tr ln✷ξξ + Tr ln✷hh
−Tr(⇀Xξ✷−1V V
↼
Xξ✷
−1
ξξ )− Tr(
⇀
Xh✷
−1
V V
↼
Xh✷
−1
hh )
−Tr(Xhξ✷−1ξξ Xξh✷−1hh )
−1
2
Tr(Xhξ✷
−1
ξξ Xξh✷
−1
hhXhξ✷
−1
ξξ Xξh✷
−1
hh ) + · · ·
]
. (97)
Due to the property of the Tr, the above equation is independent of the sequence of
integrating-out quantum fields. The omitted terms are finite and will not contribute to
the one-loop divergence structures.
C. Counter terms
To evaluate the traces in the Eq. (97), we use the Schwinger proper time and heat
kernel method [25] with the covariant short distance expansion technique [26]. The de-
tailed calculation steps are omitted here. By using the heat kernel method directly, we
have the following divergence structures from the contributions of Tr ln✷ in the Eq. (97)
1
2
ǫ¯T r ln✷V V = −20
3
H1 − (2g
2 +G2)
16
(v + h)4 , (98)
1
2
ǫ¯T r ln✷ξξ = +
g2
12
H1 +
g
′2
12
H2 +
1
12
L1 − 1
24
L2 − 1
24
L3
− 1
12
L4 + 1
48
L5 − G
2g
′2
32
(v + h)2Z · Z
+
1
32
[λv2 − (g2 + λ)(v + h)2](G2Z · Z + 2g2W+ ·W−)
+
1
32
[3λ+ (2g2 +G2)]λv2(v + h)2
− 1
64
[(2g4 +G4) + 2(2g2 +G2)λ+ 12λ2](v + h)4
− 3
64
λ2v4 , (99)
1
2
ǫ¯T r ln✷hh = − 1
16
L5 +
1
32
λ[v2 − 3(v + h)2](G2Z · Z + 2g2W+ ·W−)
+
3
32
λ2v2(v + h)2 − 9
64
λ2(v + h)4 − 1
16
λ2v4 , (100)
−ǫ¯T r ln✷c¯c = = −2
3
H1 +
G2 + 2g2
32
(v + h)4 , (101)
where 1/ǫ¯ = i/16π2(2/ǫ − γE + ln(4π2), γE is the Euler constant, and ǫ = 4 − d. The
terms (v + h)4 in the Tr ln✷ξξ comes from the EOM of the background Higgs field Eq.
(72). The divergence terms from the mixing terms with two propagators are given as
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− ǫ¯
2
Tr(
⇀
Xξ✷
−1
V V
↼
Xξ✷
−1
ξξ ) =
g2g
′2
8
Z · Z(v + h)2
−g
2 +G2
8
(v + h)2(G2Z · Z + 2g2W+ ·W−)
−1
2
(2g2 +G2)∂h · ∂h , (102)
− ǫ¯
2
Tr(
⇀
Xh✷
−1
V V
↼
Xh✷
−1
hh ) = −
g2g
′2
8
Z · Z(v + h)2
−g
2
8
(v + h)2(G2Z · Z + 2g2W+ ·W−) , (103)
− ǫ¯
2
Tr(Xhξ✷
−1
ξξ Xξh✷
−1
hh ) = −
1
2
(tBB1 + tBB2 + tBC + tCC) , (104)
tBB1 = −g
2
6
H1 − g
′2
6
H2 +
1
6
L1 + 1
6
L2 + 1
6
L3 + 1
6
L4 − 1
6
L5
−1
2
(
g2
G2
− 1)2L6 + 1
2
(
g2
G2
− 1)2La
−G
2
4
(∂ · Z)2 − g
2
2
(d ·W+)(d ·W−)
−ig
2g
′2
G
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)] , (105)
tBB2 = −1
4
L2 − 1
4
L3 − 1
2
L4 − G
2g
′2
16
Z · Z(v + h)2
+
1
16
[2λv2 − (g2 + 4λ)(v + h)2](G2Z · Z + 2g2W+ ·W−) , (106)
tBC = (
g2
G2
− 1)2L6 − ( g
2
G2
− 1)2La
+
G2
2
(∂ · Z)2 + g2(d ·W+)(d ·W−)
−ig
2g
′2
G
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)] , (107)
tCC = −1
2
(
g2
G2
− 1)2L6 + 1
2
(
g2
G2
− 1)2La
−G
2
4
(∂ · Z)2 − g
2
2
(d ·W+)(d ·W−)
+i
g2g
′2
2G
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)] . (108)
The divergences of the four propagators term is given as
− ǫ¯
4
Tr(Xhξ✷
−1
ξξ Xξh✷
−1
hhXhξ✷
−1
ξξ Xξh✷
−1
hh ) = −
1
12
L4 − 1
24
L5 , (109)
The sum over all contributions yields the following total divergence structures as
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ǫ¯Dtot = −43
6
g2H1 +
1
6
g
′2H2
−2g
2 +G2
8
(v + h)2(G2Z · Z + 2g2W+ ·W−)
−2g
2 +G2
2
∂h · ∂h
+
1
32
(6λ+ 2g2 +G2)λv2(v + h)2
− 1
64
[(6g4 + 3G4) + (2g2 +G2)λ+ 12λ2](v + h)4
− 1
16
λ2v4 . (110)
The Dtot just indicates that the extra divergences just cancel out exactly with each
other, and even the terms like (∂Z)2 will not appear in the total divergence structures.
No gauge fixing term of the background fields should be added to the Lagrangian, and
the equations of motion are just sufficient.
The coefficients ofH1 andH2 have the correct value which contribute to the β functions
of the gauge couplings g and g′, respectively. The coefficients of the terms (v+ h)2(G2Z ·
Z +2g2W+ ·W−)/8 and ∂h · ∂h/2 are equal, and such a fact is not accidental and should
be the requirement of renormalizability. If we reformulate the Lagrangian in its linear
form, the combination of these two terms just yields the term (Dφ)† · (Dφ). From the
requirement of renormalizability of the theory, we know that coefficients of divergences of
these two terms should be the same. The last constant divergences just contribute to the
unobservable vacuum, and can be dropped out. This constant will also appear in other
computational methods, and is not the special feature of BFM.
Due to the parameterization in the Eq. (63), we have found that there is no quartic
divergences in the one-loop Lagrangian, contrary to the expectation of [30]. As matter of
fact, had the authors of the references [30] used the EOM of the background Higgs to sum
the quartic divergences and higher divergence structures, they would have gotten the same
result as given by us. In other words, such a fact is independent of the parameterization
of quantum Goldstone bosons.
Another remarkable feature is that the EOM of the background Higgs makes the
counter term of the quartic coupling of Higgs potential in BFM different than that calcu-
lated in the usual Feynman diagrams in linear representation. This difference is caused
directly by the term σξξ, and might be one of the special characters of the BFM.
To extract the divergences, we have used the following relation
Hµν− SF+,µν = 8iO6 + 4iO7 + 4Z ·W+d ·W− − 4Z ·W−d ·W+ +Hµν+ SF−,µν , (111)
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V. THE ONE LOOP RENORMALIZATION OF THE EWCL
In this section we will conduct the one loop renormalization of the EWCL, by taking
the limit that all ACs vanish, we can check the following calculation with the renormaliza-
tion of the SM, as provided in the above section. Before the actual computation, we would
like to establish a modified power counting rule, in order to control higher corrections from
higher loops and higher dimension operators.
A. The modified power counting rule in EWCL
Before establishing our power counting rule, we would like to make a brief review on
the framwork of the hadronic chiral perturbation theory.
In the usual ChPT approach to low-energy hadronic, the chiral Lagrangian is organized
as an expansion in powers of momenta p2
Leff = L2 + L4 + L6 + ... (112)
Each term Ln, in turn, is given by a certain number of operators O
(n)
i with low-energy
constants l
(n)
i that, a priori, are determined by the underlying theory:
Ln =
∑
i
l
(n)
i O
(n)
i . (113)
The general expectation of the importance of an operator is that the lower order it
belongs, the more importance of it. Therefore, in the ChPT, the L2 is the most important
operator, and determines the propagators of massless Goldstone bosons and the scattering
interaction at tree level, which can be expressed as c2
p2
v2
, (c2 is a O(1) constant). At
one-loop level, the scattering amplitude will get the radiative corrections from the loop
with two of this vertex and with internal lines of Goldstones. While after dropping the
divergences of the loop integral, we get the finite one-loop contribution of this interaction
can be expressed as α 1
(4π)2
p4
v4
, (α is a constant factor determined by the loop and c2,
which is of order 1). Such a contribution has the same momentum power with those of
operators in the L4, which can be expressed as α0
p4
v4
.
In the ChPT, coincidentally (not necessary for general chiral perturbation theories),
α0, as determined from low energy phenomenologies, like hadronic scattering and decay
processes, etc, is of the order 1
(4π)2
[31].
So, if we go to further higher order, say two-loop order, then we should include three
parts of contributions, 1) the two loop contributions of pure O(p2) vertices, 2) the one-loop
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contribution with one O(p2) vertex and one O(p4) vertex, and 3) the tree level contribution
of O(p6). The first part can be expressed as β2
1
(4π)4
p6
v6
, the second part can be expressed
as β1
1
(4π)2
p6
v6
, and the third part can be expressed as β0
p6
v6
. The first part contains two
loop suppression factor 1
(4π)4
, while the second part contains only one loop suppression
factor 1
(4π)2
. But due to the fact that the β1 is determined by both c2 and α0, so not only
on the momentum power, but also on the magnitude order controlled by the loop factors,
the second parts will share the same importance as the first parts. We also expect that,
coincidently (not necessary for general chiral perturbation theories), the β0 will have a
magnitude like 1
(4π)4
. So that we expect that such a standard power counting rule will
hold at any a specified higher order.
But for the EWCL, it seems not easy to take into account the radiative corrections of
low energy quantum DOFs (which should include both the massive vector boson and its
corresponding Goldstone).
The first difficulty is more manifest when we represent the EGT in their unitary gauge.
The propagator of massive vector bosons can be expressed as
i∆µν = i∆µνT + i∆
µν
L , (114)
∆µνT =
1
k2 −m2V
(
−gµν + k
µkν
k2
)
, (115)
∆µνL =
1
m2V
kµkν
k2
, (116)
where ∆T and ∆L represent the transverse and longitudinal parts, respectively. The
longitudinal part of the propagator can bring into quartic divergences and lead to the
well-known bad ultraviolet behavior. Two direct consequences of this fact are 1) that
the quartic divergences will appear in radiative corrections and 2) that low dimensions
operators can induce the infinite number of divergences of higher dimension operators,
even at one-loop level. In a renormalizable theory, the Higgs model for instance, these
two problems do not exist. The quartic divergences produced by the low energy DOF just
cancel exactly with those produced by the Higgs scalar, and no extra divergence structure
will appear.
The second difficulty, which is related with the first difficulty, is about the counting
rule. In the gauge theories with spontaneous symmetry breaking, the marginal interaction
vertices are proportional to ECs (expressed in both gauge couplings and ACs, as given in
(61)), not to the momentum power p
2
v2
as in the hadronic ChPT. Then by direct evaluating
the Feynman diagrams, radiative corrections the ACs (which are determined at matching
scale by the ultraviolet dynamics and there is no reason to assume that they must be as
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small as 1
(4π)2
.) are of the 1
(4π)2
, not as 1
(4π)4
as expected from the SPCR in the hadronic
ChPT. So the native power counting rule is not proper to be used in this case. While
we know, in order to collect and reliably estimate the contributions of higher orders (say,
those of higher loops and higher dimension operators) in terms of magnitude, a power
counting rule is needed. So to find a consistent power counting rule for this case is
necessary.
As we know, for the EGT with spontaneous symmetry breaking mechanism, we have
at least two ways to collect and classify operators.
The first way is to collect operators in terms of their dimensions, (not by the mo-
mentum power p
2
v2
, as in the above case). We can formulate the EWCL in the unitary
gauge, then restore the low energy DOFs with the inverse Stueckelberg transformation,
while the ECs are regarded as free parameters, of which the magnitude at the ultravi-
olet cutoff is determined by the underlying dynamics and the matching conditions. In
the most general assumption, we regard these ACs are of order O(1). Then, according
to the Wilsonian renormalization scheme, EOs can be classified into three groups: the
relevant operators, marginal operators, and irrelevant operators. The relevant operators
have mass dimensions less than the dimension of space-time, and have ECs with positive
mass power. The marginal operators have the same dimensions of that of space-time, and
have massless ECs. The irrelevant operators have dimensions larger than the dimensions
of space-time, and have couplings with negative mass power. By study the running of the
ECs, we can determine the importance of operators, which is controlled by the strength
of their corresponding ECs. The couplings of the relevant operators will be dependent
on the ultraviolet cutoff Λ = UV in positive powers; those of the marginal operators will
be logarithmically dependent on the Λ = UV ; while those of the irrelevant operators will
be dependent on the Λ = UV in negative powers. If the Λ = UV is large enough, the
irrelevant operators will become unimportant, and the relevant and marginal operators
will mainly determine the low energy dynamics. Such a conclusion is based on the most
general analysis of the behavior of RGEs without assuming the smallness of the ECs of
irrelevant operators, as shown in [9, 10]. So we can truncate the infinite operator towers
permitted in the EGT to a specified order. While for the quartic divergences, we can use
the dimension regularization method, and simply discard them.
As we know, the groups of relevant and marginal operators include both the renor-
malizable operators and AOs up to O(p4). Meanwhile, in the general cases, the relative
importance of an operator might be quite different and is determined by the relative
magnitude of its EC. For instance, if the coupling is zero or much much smaller, in prin-
ciple, we can drop its contributions and regard it as higher order corrections; while if the
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coupling is much much lager than others, this operator should be definitely important to
the low energy dynamics. Then we should classify it as a lower order operator, i.e. to
increase its importance for our consideration. So a practical and realistic power counting
rule must based on the actual information of the relative magnitude of the ECs.
The second way is to mimic the ChPT by classifying according to the momentum
power. In this way, up to O(p4), without regarding any information on the magnitude
of the ECs, these operators are divided into two groups, the renormalizable ones are
classified to p2 order, while the anomalous ones are classified as p4 order. In this way,
to classify the gauge kinetic terms into O(p2) is somewhat ambiguous to the momentum
power counting rule. But it is unlikely not to include the kinetic terms in this p2. So the
dimensionless gauge couplings have to be set to have momentum power. To classify the
rest of marginal operators in the group of O(p4), such a counting rule, borrowed from the
hadronic ChPT, implicitly assumes that the strength of their couplings should be of order
1
(4π)2
.
We would like to point out that such assumptions are too strong for the a general EGT.
In the framework of EFT, the magnitudes of the couplings of an operator is determined
at the matching scale. There is no reason to expect that the ACs must be such small.
Since at the matching scale, those ACs are determined by the ultraviolet dynamics, and
can get contributions from either the tree level or loop level, or both. The magnitude of
these ACs is related with both the actual value of the matching scale and the underlying
dynamics. As we know, the ACs can receive the tree level contributions, like in the Higgs
model we show in the numerical analysis, in the left-right hand model, etc. Furthermore,
even determined at loop level, if the ultraviolet dynamics are strong coupling case, like in
the Technicolor models, these ACs can be estimated as 1
(4π)2
g2s
g2w
. If gs is much larger than
gw, the ACs might still be one or two order larger than the expectation of SPCR in the
hadronic ChPT.
So we regard that, in order to be more realistic and be consistent with the EFT method
as a general and universal method, we should abandon the second way of the classification
of the operators, and before knowing the actual information on the magnitude of the ACs
(equivalently, the underlying theories), we will treat all relevant and marginal AOs as
operators inO(p2) order by implicitly assuming all these ACs are ofO(1) (This assumption
is a more general one, and the assumption of the second way of classification is only one
of its specific cases). So we modify the momentum power counting rule to include the
ECs of all AOs in the Eqs. (17—17) αi as momentum p
−2, like coefficient of the gauge
kinetic terms 1/g2. And in this way, when extracting the Feynman rules directly from
the Lagrangian given in , the combination of g2αi in the trilinear and quartic couplings
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is regarded as of O(p0) ∼ O(1). Thus, this modified power counting rule will possess the
powerful potent of the SPCR, and can be applied to estimate and control the contributions
of higher loop and higher dimension operators, just like in the hadronic ChPT.
With this modified power counting rule in mind, below we will study the renormaliza-
tion of the EWCL up to relevant and marginal operators and derive the one-loop RGE of
its ECs.
B. The gauge fixing terms in the BFM
The equations of motion of the mass eigenstates are determined as
D′µW˜νµ = σ0,V V V ν , (117)
These EOM, in effect, act as the gauge fixing of the background fields, and can derive the
following relations
∂ · Z = 0, d ·W± = ±iccw
2
Z ·W±,
ccw = −e C2
4C1
− C5C2
8C1
+
C6
8
+
C7
8
. (118)
In the background field gauge, the covariant gauge fixing term for the quantum fields
can be chosen as
LGF,A = −gA
2
(∂ · Â+ fAZ∂ · Ẑ − ifAW (Ŵ− ·W+ − Ŵ+ ·W−))2 , (119)
LGF,Z = −gZ
2
(∂ · Ẑ + fZξξZ − ifZW (Ŵ− ·W+ − Ŵ+ ·W−))2 , (120)
LGF,W = −gW (d · Ŵ+ + fWξξ+W + ifWZZ · Ŵ+ + ipWZW+ · Ẑ + ipWAW+ · Â)
(d · Ŵ− + fWξξ−W − ifWZZ · Ŵ− − ipWZW− · Ẑ − ipWAW− · Â) , (121)
where the parameters in these gauge fixing terms are determined by requiring the
quadratic terms of Lagrangian has the standard form specified in Eq. (139), and they
read
fZξ =
ρ
gZ
Gv
2
, (122)
fWξ = − 1
gW
gv
2
, (123)
gA = C1 , (124)
fAZ =
C2
C1
, (125)
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gZ = C3 − C
2
2
C1
, (126)
gW = 1 , (127)
pWA =
C5
2
, (128)
fAW =
gg
′
GC1
, (129)
pWZ =
C6
2
, (130)
fZW = − C7
2gZ
− 1
gZ
gg′
G
C2
C1
, (131)
fWZ =
C7
2
, (132)
When all the ACs are set to vanish, these parameters will reduce to those of the SM.
C. The quadratic terms of the effective Lagrangian
Thus, after diagonalizing and normalizing the variables, we can collect the quadratic
terms of quantum boson fields in the following standard form
Lquad = 1
2
V̂ †aµ ✷
µν,ab
V V V̂
b
ν +
1
2
ξ†i✷ijξ ξξ
j + c¯a✷abc¯cc
b
+
1
2
V̂ †,aµ
↼
X
µ,aj
ξj +
1
2
ξ†,i
⇀
X
ν,ib
V̂ bν , (133)
✷
µν,ab
V V = D
2,abgµν + σab0,V V g
µν + σµν,ab2,V V , (134)
✷
ij
ξ ξ = ✷
′ij
ξ ξ +X
α,ii′di
′j
α +X
αβ,ii′di
′j′
α d
j′j
β , (135)
✷
′ij
ξ ξ = d
2,ij + σij0,ξξ + σ
ij
2,ξξ + σ
ij
4,ξξ , (136)
✷
ab
c¯c = D
2,ab + σ,ab0,V V , (137)
↼
X
µ,aj
=
↼
X
µ,ai
αβ d
α,ii′dβ,i
′j +
↼
X
µα,aj′
dj
′j
α +
↼
X
µ,aj
01 +
↼
X
µ,aj
03Z + ∂α
↼
X
µα,aj
03Y , (138)
⇀
X
ν,ib
=
⇀
X
ν,ia
αβ D
α,ab′Dβ,b
′b +
⇀
X
να,ib′
Db
′b
α +
⇀
X
ν,ib
01 +
⇀
X
ν,ib
03Z + ∂α
⇀
X
να,ib
03Y , (139)
where V † = (A,Z,W−,W+) and ξ† = (ξZ , ξ
−, ξ+). And the covariant differential op-
erators D = ∂ + ΓV and d = ∂ + Γξ. The gauge connections ΓV and Γξ are defined
as
ΓV = X
T
V Γ˜VXV , Γξ = X
T
ξ Γ˜ξXξ , (140)
where the matrices XV and Xξ are determined by the matrices WV and Wξ by
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XTVWVXV = 14×4, X
T
ξ WξXξ = 13×3 . (141)
The matrices WV and Wξ will be presented below.
About the matrices given in Eq. (139), due to the fact that A is still massless and has
no the corresponding Goldstone bosons, the number of vector bosons and of Goldstone is
different. So we deliberately present the indices of the Goldstone and vector bosons with
different letters.
The related quantities given in (139) are defined as
σµν ab2,V V = −∂ · ΓabV gµν − ΓacV · ΓcbV gµν + σ˜µν,ab2,V V , (142)
σij2,ξξ = −∂ · Γijξ − Γikξ · Γkjξ + σ˜ij2,ξξ , (143)
Xαβ,ij = −S˜αβ,ij , (144)
Xα,ij = X˜α,ij − ∂βX˜αβ,ij + 2S˜αβ,ikΓkjξ,β , (145)
σij4,ξξ = X˜
ij
4 + S˜
αβ,ik(∂βΓ
kj
ξ,α − Γklξ,αΓljξ,β)
−X˜α,ikΓkjξ,α + ∂βX˜αβ,ikΓkjξ,α , (146)
↼
X
µ,ai
αβ = −S˜µ,aiαβ , (147)
↼
X
µα,ai
= X˜µα,ai1 − X˜µα,ai2 − ∂βX˜µ,aiβα′ gαα
′
+ 2S˜µ,akα′β Γ
β,kj
ξ g
αα′ , (148)
↼
X
µ,ai
01 = X˜
µ,ai
01 , (149)
↼
X
µ,ai
03Z = X˜
µ,ai
03 + S˜
µ,ak
αβ (∂
αΓβ,kjξ − Γα,klξ Γβ,ljξ )
−(X˜µα,ak1 − X˜µα,ak2 )Γkiξ,α + ∂βX˜µ,akβα Γα,kiξ , (150)
↼
X
µα,ai
03Y = −X˜µα,ai2 , (151)
⇀
X
ν,ia
αβ = −S˜ν,aiαβ , (152)
⇀
X
να,ia
= X˜να,ai2 − X˜να,ai1 − ∂βX˜ν,aiα′β gαα
′
+ 2S˜ν,ciα′βΓ
β,ca
V g
αα′ , (153)
⇀
X
ν,ia
01 = X˜
ν,ai
01 , (154)
⇀
X
ν,ia
03Z = X˜
ν,ai
03 + S˜
ν,ci
αβ (∂
αΓβ,cbV − Γα,cdV Γβ,daV )
−(X˜να,ci2 − X˜να,ci1 )ΓcaV,α + ∂βX˜ν,ciαβ Γα,caV , (155)
⇀
X
να,ia
03Y = −X˜να,ai1 , (156)
The tilded quantities given in the above equations are different the ones given below, and
these two have the relation as X˜aboveξξ = X
†
ξX˜
below
ξξ Xξ, and X˜
above
V ξ = X
†
V X˜
below
V ξ Xξ.
The tilded quantities are determined by the following pre-standard forms prescribed
in [32]
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12
V̂ †aµ ✷
µν,ab
V V V̂
b
ν =
1
2
V̂ †aµ
[
W abV ∂
2gµν + 2gµνΓ˜α,abV ∂α + σ˜
ab
0,V V g
µν + σ˜µν,ab2,V V
]
V̂ bν , (157)
1
2
ξ†i✷ijξ ξξ
j =
1
2
ξ†i
[
W ijξ ∂
2 + 2Γ˜α,ijξ ∂α + σ˜
ij
0,ξξ + σ˜
ij
2,ξξ + σ˜
ij
4,ξξ
+X˜α,ij3 ∂α +
↼
∂αX˜
αβ,ij
2 ∂β
]
, (158)
V̂ †,aµ
↼
X
µ,aj
ξj = ξ†,i
⇀
X
ν,ib
V̂ bν
= ∂αŴ aµ X˜
µ,ai
αβ ∂
βξi + Ŵ aµ X˜
µα,ai
1 ∂αξ
i + ∂αŴ
a
µ X˜
µα,ai
2 ξ
i
+Ŵ aµ X˜
µ,ai
01 ξ
i + Ŵ aµ X˜
µ,ai
03 ξ
i . (159)
The matrix W abV determines the mixing and normalization of the quantum vector boson
fields, and reads
W abV =

C1 C2 0 0
C2 C3 0 0
0 0 C4 0
0 0 0 C4
 ,
The matrix W ijξ determines the mixing and normalization of Goldstone particles, and
reads
W ijξ =

ρ 0 0
0 1 0
0 0 1
 .
The Γ˜α,abV will determine the gauge connection of the covariant differential operators
D, which have the following form
Γ˜α,abV =

0 0 icAWW
−,α −icAWW+,α
0 0 icZWW
−,α −icZWW+,α
icAWW
+,α icZWW
+,α −ieAα + icW+W−Zα 0
−icAWW−,α −icZWW−,α 0 ieAα − icW+W−Zα
 ,
where caw = e/2 + C5/4, czw = (C6 − C7)/4, and cW+W− = C7/2. The Γ˜ξ is defined as
Γ˜α,ijξ =

0 ig
2
W−,α −ig
2
W+,α
ig
2
W+,α −ieAα + icξ+ξ−Zα 0
−ig
2
W−,α 0 ieAα − icξ+ξ−Zα
 .
where the coefficient cξ+ξ− = ρG/2− g′2/G.
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The mass matrices have the form σ˜ab0,V V = dia{0,−ρG2v2/4,−g2v2/4,−g2v2/4} and
σ˜ij0,ξξ = dia{−ρ2G2v2/4cZ ′,−g2v2/4,−g2v2/4}.
From the pre-standard form, we can define covariant differentials, as in the [32], and
collect all quadratic terms into the standard form. We provide all matrices in the ap-
pendix.
D. The Schwinger proper time and the heat kernel method
Since the one-loop effective Lagrangian is Gaussian, we can use the functional integral
to integrate out all quantum fields, i.e. to take into account the contributions of quantum
corrections or quantum fluctuations of low energy DOFs. And their contributions to the
Leff can be elegantly and concisely expressed∫
x
L1−loop = Tr✷c¯c − 1
2
[
Tr ln✷V V + Tr ln✷ξ ξ
+Tr ln
(
1− ⇀X
µ
✷
−1
V V ;µν
↼
X
µ
✷
−1
ξ ξ
) ]
. (160)
To extract the desired divergence structures, we need to expand this compact expres-
sion. The expansion of logarithm is simply expressed by the following formula
〈x| ln(1−X)|y〉 = −〈x|X|y〉 − 1
2
〈x|X.X|y〉
−1
3
〈x|X.X.X|y〉 − 1
4
〈x|X.X.X.X|y〉+ ... , (161)
and here theX should be understood as an operator (a matrix) which acts on the quantum
states of the right side.
To evaluate the trace, we will use the Schwinger proper time method and the heat
kernel method [25]. In this method, the standard propagators can be expressed as
〈x|✷−1,abV V ;µν |y〉 =
∫ ∞
0
dτ
(4πτ)
d
2
exp{−ǫF τ} exp
(
− z
2
4τ
)
Hµν,abV V (x, y; τ) , (162)
〈x|✷′−1,abξ ξ |y〉 =
∫ ∞
0
dτ
(4πτ)
d
2
exp{−ǫF τ} exp
(
− z
2
4τ
)
Hξξ,ab(x, y; τ) , (163)
where the ǫF is the Feynman prescription which will be taken to vanish, and z = y − x.
The integral over the proper time τ and the factor 1/(4πτ)
d
2 exp (−z2/(4τ)) conspire to
separate the divergent part of the propagator. And theH(x, y; τ) is analytic with reference
to the arguments z and τ , which means that H(x, y; τ) can be analytically expanded with
reference to both z and τ . Then we have
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H(x, y; τ) = H0(x, y) +H1(x, y)τ +H2(x, y)τ
2 + · · · , (164)
Hi(x, y) = Hi(x, y)|x=y + zα∂αHi(x, y)|x=y + 1
2
zαzβ∂α∂βHi(x, y)|x=y + · · · (165)
where H0(x, y), H1(x, y), and, H2(x, y) are the Seeley-De Witt coefficients. The coefficient
H0(x, y) is the Wilson phase factor, which indicates the phase change of a quantum state
from the point x to the point y and reads
H0(x, y) = exp
∫ y
x
Γ(z) · dz, (166)
where Γ(z) is the affine connection defined on the coordinate point z. Higher order
coefficients are determined by the lower ones by the following recurrence relation
(1 + n+ zµDµ,x)Hn+1(x, y) + (D
2
x + σ)Hn(x, y) = 0 . (167)
All these Seeley-De Witt coefficients are gauge covariant with respect to the gauge trans-
formation.
The divergence counting rule of the integral over the coordinate space x and the proper
time τ can be established as
[zµ]d = 1 , [τ ]d = −2 , (168)
It is easy to evaluate the Tr ln✷V V and Tr✷c¯c by directly using the result of the heat
kernel method, which reads
ǫ¯T r ln✷V V =
∫
x
[
tr[σ0,V V σ2,V V ] +
8
3
(
1
4
ΓV,µνΓ
µν,a
V )
+
1
2
tr[σ2,V V σ2,V V ]
]
, (169)
ǫ¯T r ln✷c¯c =
∫
x
[
2
3
(
1
4
ΓaV,µνΓ
µν,a
V )
]
, (170)
from these results, to extract the divergences of quadratic and logarithm is straightfor-
ward.
For the contributions of terms Tr ln✷ξ ξ and Tr ln
(
1− ⇀X
µ
✷
−1
V V ;µν
↼
X
µ
✷
−1
ξ ξ
)
, it needs
somewhat labor. Below we list some crucial steps of calculations. The first two relations
are about the action of the covariant differential on the propagators, which read
〈x|Dxα|✷−1,abV V ;µν |y〉 =
∫
dλ
1
(4πλ)d/2
exp{−ǫF τ} exp (− z
2
4λ
)
×( zα
2λ
+Dα)H(x, y;λ) ,
〈x|DxαDxβ✷−1,abV V ;µν |y〉 =
∫
dλ
1
(4πλ)d/2
exp{−ǫF τ} exp (− z
2
4λ
)
×
[
(
zαzβ
4λ2
− gαβ
2
) +
1
2λ
(zαDβ + zβDα) +DαDβ
]
H(x, y;λ) (171)
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The second relations are about the Short distance expansion, which make it possible
to covariantly expand the external fields over the coordinate space, and are defined as
⇀
XD
↼
X =
⇀
X∂
↼
X +
⇀
XΓW
↼
X − ⇀X↼XΓξ ,
⇀
XDD
↼
X =
⇀
X∂∂
↼
X +
⇀
XΓWΓW
↼
X +
⇀
X
↼
XΓξΓξ − 2
⇀
XΓW
↼
XΓξ
+2
⇀
XΓW∂
↼
X − 2⇀X∂↼XΓξ +
⇀
X∂ΓW
↼
X − ⇀X↼X∂Γξ . (172)
The rest of corresponding relevant integrals are based on these two relations given
in Eq. (171) and Eq. (172). So that after dropping those quartic divergences and only
keeping terms up to O(p4), we can get the following results about the logarithm and trace
of the terms Tr ln✷ξ ξ and Tr ln
(
1− ⇀X
µ
✷
−1
V V ;µν
↼
X
µ
✷
−1
ξ ξ
)
Tr ln✷ξ ξ =
∫
x
[tr[σ0,ξξσ2,ξξ] + tr[σ0,ξξσ4,ξξ]
+
2
3
(
1
4
Γaξ,µνΓ
µν,a
ξ ) +
1
2
tr[σ2,ξξσ2,ξξ]
]
, (173)
Tr ln
(
1− ⇀X
µ
✷
−1
V V ;µν
↼
X
µ
✷
−1
ξ ξ
)
=
1
ǫ¯
∫
x
(p4t+ p3t+ p2t) . (174)
The Γµν is the field strength tensor corresponding to the affine connection Γµ. We have
used the dimension regularization and the modified minimal subtraction scheme to ex-
tract the divergent structures in this step. The p4t represents the contributions of four
propagators tr(
⇀
X✷
−1
W W
↼
X✷
′−1
ξ ξ
⇀
X✷
−1
W W
↼
X✷
′−1
ξ ξ ), which reads
p4t =
gµνgµ′ν′
6
[
gαβα
′β′
4
tr[2
⇀
X
µ
αβ
↼
X
ν
α′β′
⇀
X
µ′
01
↼
X
ν′
01
+2
⇀
X
µ
01
↼
X
ν
αβ
⇀
X
µ′
α′β′
↼
X
ν′
01 +
⇀
X
µ
αβ
↼
X
ν
01
⇀
X
µ′
α′β′
↼
X
ν′
01 +
⇀
X
µ
01
↼
X
ν
αβ
⇀
X
µ′
01
↼
X
ν′
α′β′]
−g
αβα′β′α′′β′′
16
tr[
⇀
X
µ
αβσ0,V V
↼
X
ν
α′β′
⇀
X
µ′
α′′β′′
↼
X
ν′
01 +
⇀
X
µ
αβσ0,V V
↼
X
ν
α′β′
⇀
X
µ′
01
↼
X
ν′
α′′β′′
+
⇀
X
µ
αβ
↼
X
ν
α′β′σ0,ξξ
⇀
X
µ′
α′′β′′
↼
X
ν′
01 +
⇀
X
µ
αβ
↼
X
ν
α′β′σ0,ξξ
⇀
X
µ′
01
↼
X
ν′
α′′β′′
+
⇀
X
µ
αβ
↼
X
ν
α′β′
⇀
X
µ′
α′′β′′σ0,V V
↼
X
ν′
01 +
⇀
X
µ
αβ
↼
X
ν
α′β′
⇀
X
µ′
01σ0,V V
↼
X
ν′
α′′β′′
+
⇀
X
µ
αβ
↼
X
ν
α′β′
⇀
X
µ′
α′′β′′
↼
X
ν′
01σ0,ξξ +
⇀
X
µ
αβ
↼
X
ν
α′β′
⇀
X
µ′
01
↼
X
ν′
α′′β′′σ0,ξξ]
]
. (175)
The p3t represents the contributions of three propagators tr(
⇀
X✷
−1
W W
↼
X✷
′−1
ξ ξ Xαβd
αdβ✷′−1ξ ξ ),
which reads
p3t =
1
24
gαβα
′β′gµνtr[
⇀
X
µ
01σ0,V V
↼
X
ν
αβXα′β′ +
⇀
X
µ
αβσ0,V V
↼
X
ν
01Xα′β′
+
⇀
X
µ
01
↼
X
ν
αβσ0,ξξXα′β′ +
⇀
X
µ
αβ
↼
X
ν
01σ0,ξξXα′β′
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+
⇀
X
µ
01
↼
X
ν
αβXα′β′σ0,ξξ +
⇀
X
µ
αβ
↼
X
ν
01Xα′β′σ0,ξξ]
−1
4
gαβgµνtr[
⇀
X
µ
01
↼
X
ν
01Xαβ] . (176)
The p2t represents the contributions of two propagators tr(
⇀
X✷
−1
W W
↼
X✷
′−1
ξ ξ ), which can be
further divided into six groups:
p2t = tAA + tAB + tAC + tBB + tBC + tCC , (177)
tAA =
gµν
8
(
gαβα
′β′δγ
6
− 2g
αβgα
′β′δγ
3
− g
α′β′gαβδγ
3
+ gαβgα
′β′gδγ)tr[
⇀
X
µ
αβσ0,V VDδDγ
↼
X
ν
α′β′
+
gµν
8
(
gαβα
′β′δγ
6
− g
αβgα
′β′δγ
3
− 2g
α′β′gαβδγ
3
+ gαβgα
′β′gδγ)tr[
⇀
X
µ
αβDδDγ
↼
X
ν
α′β′σ0,ξξ]
+
gαβα
′β′
24
[
gµνtr[
⇀
X
µ
αβσ0,V V
↼
X
ν
α′β′σ2,ξξ] + gµµ′gνν′tr[
⇀
X
µ
αβσ
µ′ν′
2,V V
↼
X
ν
α′β′σ0,ξξ]
]
+
gαβα
′β′
12
[
gµνtr[
⇀
X
µ
αβσ0,ξξσ2,ξξ
↼
X
ν
α′β′ ] + gµµ′gνν′tr[
⇀
X
µ
αβσ0,V V σ
µ′ν′
2,V V
↼
X
ν
α′β′ ]
]
,
tAB =
gα′α′′gµν
4
[
(gαβgα
′β′ − 1
3
gαβα
′β′)tr[
⇀
X
µ
αβσ0,V VDβ′
↼
X
να′′ − ⇀X
µα′′
Dβ′
↼
X
ν
αβσ0,ξξ]
+(gαβgα
′β′ − 2
3
gαβα
′β′)tr[
⇀
X
µ
αβDβ′
↼
X
να′′
σ0,ξξ −
⇀
X
µα′′
σ0,V VDβ′
↼
X
ν
αβ]
]
, (178)
tAC = −g
αβgµν
4
tr[
⇀
X
µ
αβσ0,V V
↼
X
ν
01 +
⇀
X
µ
01σ0,V V
↼
X
ν
αβ +
⇀
X
µ
αβσ0,V V
↼
X
ν
03Z +
⇀
X
µ
03Zσ0,V V
↼
X
ν
αβ
−∂α′
⇀
X
µ
αβσ0,V V
↼
X
να′
03Y −
⇀
X
µα′
03Y σ0,V V ∂α′
↼
X
ν
αβ
+
⇀
X
µ
αβ
↼
X
ν
01σ0,ξξ +
⇀
X
µ
01
↼
X
ν
αβσ0,ξξ +
⇀
X
µ
αβ
↼
X
ν
03Zσ0,ξξ +
⇀
X
µ
03Z
↼
X
ν
αβσ0,ξξ
−∂α′
⇀
X
µ
αβ
↼
X
να′
03Y σ0,ξξ −
⇀
X
µα′
03Y ∂α′
↼
X
ν
αβσ0,ξξ]
−1
4
gαβtr[gµν
⇀
X
µ
01
↼
X
ν
αβσ2,ξξ + gµµ′gνν′
⇀
X
µ
αβσ
µν′ν′
2,V V
↼
X
ν
01]
+gµν(
1
6
gαβα
′β′ − 1
4
gαβgα
′β′)tr[
⇀
X
µ
αβDα′Dβ′
↼
X
ν
01 +
⇀
X
µ
01Dα′Dβ′
↼
X
ν
αβ] , (179)
tBB = −gµνgαβ
4
tr[
⇀
X
µα
σ0,V V
↼
X
νβ
+
⇀
X
µα ↼
X
νβ
σ0,ξξ] , (180)
tBC =
gαβgαα′gµν
2
tr[
⇀
X
µα′
Dβ
↼
X
ν
01 −
⇀
X
µ
01Dβ
↼
X
να′
] , (181)
tCC = gµνtr[
⇀
X
µ
01
↼
X
ν
01 +
⇀
X
µ
01
↼
X
ν
03Z +
⇀
X
µ
03Z
↼
X
ν
01 − ∂α′
⇀
X
µ
01
↼
X
να′
03Y −
⇀
X
µα′
03Y ∂α′
↼
X
ν
01] . (182)
where the trace is to sum over the group indices, and the high rank tensors gαβγδ and
gαβγδµν are symmetric on all indices and defined as
gαβγδ = gαβgγδ + gαγgβδ + gαδgβγ , (183)
gαβγδµν = gαβgγδµν + gαγgβδµν + gαδgγβµν + gαµgβγδν + gανgβγδµ . (184)
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The formula given in Eq. (175—182), can reduce to the ones given the SU(2) case [22].
E. The renormalization group equations
Substitute the relevant matrices in the appendix A into the formula given in Eqs.
(175—182) and after some tedious algebraic manipulation, we can extract out the com-
plete RGEs of the system, which will be provided in our next paper with including the
effective Higgs sector [23].
To derive the RGEs, we have taken into account the contributions of Fermions in
the SM to the gauge couplings g and g′. For the sake of simplicity, we do not consider
the fact that top quarks are much heavier than other fermions (b quarks), so there is no
contribution of fermions to the ACs. Strictly speaking, we should consider several possible
cases for the EWCL of Higgs: 1) Higgs scalar is heavier than top quarks, 2) Higgs scalar
is as heavy as top quarks, and 3) Higgs scalar is lighter than top quarks. We will conduct
such a study in the future.
The complete RGEs, which are expressed in the ECs Ci, are quite complicated and
difficult to understand. We will provide in our next paper. But here we would like
to provide a simplifies version to extract some helpful features about the RGEs. We
can expand the effective couplings Ci in αig
2(αig
′2) and neglect those higher powers of
αig
2(αig
′2), and get the following simplified version of RGEs
8π2
dg
dt
≈ g
3
2
{
− 10
3
+
1
12ρ
+ α1g
′2 +
7α2g
′2
6
+
α3
2ρ
[
3g′
2
ρ+ g2 (1 + 31ρ)
]
− 2α8g2 + 9α9g
2
2
}
, (185)
8π2
dg′
dt
≈ g
′3
2
{
13
2
− ρ
3
+
ρ2
12
+ 2α1g
2 − α2g2 (−4 + ρ) + 7α3g
2
3
}
, (186)
8π2
dα1
dt
≈ ρ
6
− ρ
2
12
+ 2α1g
2 +
α2g
2 (6 + ρ)
2
− α3g
2 (22 + 3ρ)
6
+α8g
2 − α9g
2 (−4 + ρ)
2
, (187)
8π2
dα2
dt
≈ − 1
24
+
1
12ρ
− ρ
6
+
ρ2
12
− α1g
2
2
+
1
24
[
α2
(
−12g2 (−1 + ρ) + g′2 (46 + ρ)
) ]
+
1
24ρ
[
α3
(
24g′
2
ρ+ g2
(
−17 + 47ρ+ ρ2
)) ]
+
1
4
[
α4
(
−2g′2 + g2 (−4 + ρ)
) ]
35
+α5
(
−g′2 − g
2 (−4 + ρ)
2
)
− α6g
′2
2
− α7g′2 + α9g
2 (18 + ρ)
24
, (188)
8π2
dα3
dt
≈ 1
24
− 1
12ρ
+
1
4
[
α1g
′2 (−2 + ρ)
]
+
1
6
[
α2g
′2 (−7 + 2ρ)
]
+
1
24ρ
[
α3
(
−6g′2
(
−1− 8ρ+ ρ2
)
+ g2
(
−1 + 110ρ+ 14ρ2
)) ]
− 1
8ρ
[
α4
(
5g′
2
ρ+ g2 (1 + 13ρ)
) ]
+
1
4ρ
[
α5
(
g2 + 13g2ρ+ g′
2
ρ
) ]
−
α6
(
5g′2ρ+ g2 (1 + 13ρ)
)
8ρ
+
1
4ρ
[
α7
(
g′
2
ρ+ g2 (1 + 13ρ)
) ]
+
α8g
2ρ
4
+
1
6
[
α9
(
12g′
2
+ g2 (−3 + 2ρ)
) ]
, (189)
8π2
dα4
dt
≈ 1
12
− 1
12ρ2
− ρ
2
12
+
1
24ρ
[
α2g
′2
(
7− 2ρ2
) ]
− 1
24ρ
[
α3g
2
(
−41 + 42ρ+ 2ρ2
) ]
+
1
2ρ
[
α4
(
g′
2
(−2 + 11ρ) + g2
(
2 + 9ρ− ρ2
)) ]
+α5
(
3g′
2
+ g2 (3+ ρ)
)
+
1
ρ
[
α6
(
g′
2
(−1 + ρ) + g2 (1 + 2ρ)
) ]
+2α7g
′2 +
1
24ρ
[
α9g
2
(
7 + 80ρ− 2ρ2
) ]
, (190)
8π2
dα5
dt
≈ − 1
12
− 1
24ρ2
+
ρ2
12
+
1
12ρ
[
α2g
′2
(
−2 + ρ2
) ]
+
1
24ρ
[
α3g
2
(
−11 + 18ρ+ 2ρ2
) ]
+
1
2ρ
[
α4
(
−5g′2ρ+ g2
(
−1− 2ρ+ ρ2
)) ]
+ α5
(
−g2 (−1+ ρ)− g
′2
ρ
)
−1
2
[
α6
(
g2 + 2g′
2
) ]
+
1
ρ
[
α7
(
g2 − g′2
)
(1 + 2ρ)
]
+
1
12ρ
[
α9g
2
(
−2− 40ρ+ ρ2
) ]
, (191)
8π2
dα6
dt
≈ 1
12ρ2
− 1
12ρ
− ρ
12
+
ρ2
12
− 1
24ρ
[
α2
(
−24g2 (−2 + ρ) ρ+ g′2
(
7− 20ρ+ 6ρ2 + ρ3
)) ]
+
1
48ρ
[
α3g
2
(
−62 + 53ρ+ 44ρ2 − 2ρ3
) ]
+
1
4ρ
[
α4
(
g′
2
(−16 + ρ) ρ+ g2
(
−2 − 3ρ+ 7ρ2
)) ]
36
+
1
2ρ
[
α5
(
g2 (9− 2ρ) ρ+ 2g′2
(
−1− 3ρ+ ρ2
)) ]
+
1
4ρ
[
α6
(
g′
2
(
−4 + 2ρ+ ρ2
)
− g2
(
−2 + 9ρ+ ρ2
)) ]
+
1
2ρ
[
α7
(
g2
(
2 + 11ρ− 2ρ2
)
+ 2g′
2
(
−2 − 2ρ+ ρ2
)) ]
− 1
24ρ
[
α9g
2
(
7 + 92ρ+ 2ρ2 + ρ3
) ]
+
1
ρ
[
2αa
(
−g′2 + g2 (1 + 2ρ)
) ]
, (192)
8π2
dα7
dt
≈ 1
24ρ2
+
1
12ρ
− ρ
24
− ρ
2
12
+
1
48ρ
[
α2
(
−48g2 (−2 + ρ) ρ+ g′2
(
8− 40ρ+ 12ρ2 + 11ρ3
)) ]
+
1
48ρ
[
α3g
2
(
17− 56ρ− 8ρ2 + 11ρ3
) ]
+
1
4ρ
[
α4
(
g2 (11− 6ρ) ρ+ g′2
(
−2 + 11ρ+ 2ρ2
)) ]
+
1
2ρ
[
α5
(
g2ρ (1 + 2ρ) + g′
2
(1+ 3ρ)
) ]
+
1
4ρ
[
α6
(
−2g2ρ (3 + ρ) + g′2
(
−4 + 5ρ+ 2ρ2
)) ]
+
1
2ρ
[
α7
(
7g′
2
ρ+ g2
(
−1− 17ρ+ 2ρ2
)) ]
+
1
48ρ
[
α9g
2
(
8 + 136ρ+ 28ρ2 + 11ρ3
) ]
− 1
ρ
[
αa
(
g′
2
+ g2 (−1 + ρ)
) ]
, (193)
8π2
dα8
dt
≈ − 1
12ρ
+
ρ2
12
− α1g′2 − 7α2g
′2
6
+
1
2ρ
[
α3
(
−3g′2ρ+ g2
(
−1− ρ+ 2ρ2
)) ]
+ 6α8g
2 +
1
2
[
α9g
2 (3 + 2ρ)
]
, (194)
8π2
dα9
dt
≈ 1
12ρ
− ρ
2
12
− 1
4
[
α1g
′2 (−2 + ρ)
]
+ α2
(
g2 +
g′2 (4− 9ρ)
24
)
+
1
8ρ
[
α3
(
2g′
2
ρ2 + g2
(
4− 21ρ− 9ρ2
)) ]
+
1
8ρ
[
α4
(
9g′
2
ρ+ g2
(
1 + ρ− 2ρ2
)) ]
+
1
4ρ
[
α5
(
3g′
2
ρ+ g2
(
−1− ρ+ 2ρ2
)) ]
+
1
8ρ
[
α6
(
9g′
2
ρ+ g2 (1 + 13ρ)
) ]
− 1
4ρ
[
α7
(
−3g′2ρ+ g2 (1 + 13ρ)
) ]
− 1
4
[
α8g
2 (2 + ρ)
]
37
+
1
8
[
α9
(
16g′
2
+ g2 (36− 7ρ)
) ]
, (195)
8π2
dαa
dt
≈ −1
16ρ2
+
ρ
8
− ρ
4
16
+
1
16ρ
[
α2g
′2
(
1− 3ρ3
) ]
− 1
16ρ
[
α3g
2
(
−5 + 7ρ− 4ρ2 + ρ3
) ]
− 1
4ρ
[
α4
(
g2
(
−1 + ρ+ ρ2
)
+ g′
2
(
−4 + ρ+ 3ρ2
)) ]
+α5
(
−3g2 + g
′2
ρ
− g′2ρ
)
+
1
4ρ
[
α6
(
g′
2
(
10− 7ρ− 3ρ2
)
+ g2
(
−4 + 10ρ+ 7ρ2
)) ]
+
1
2ρ
[
α7
(
g′
2
(
5− 3ρ− 2ρ2
)
+ 2g2
(
−1 + 2ρ+ ρ2
)) ]
+
1
16ρ
[
α9g
2
(
1 + 16ρ− 8ρ2 − 3ρ3
) ]
+
1
ρ
[
αa
(
3g′
2
+ g2
(
−3− 11ρ+ 2ρ2
)) ]
, (196)
8π2
dv
dt
≈ v
2
{−3g2
4
− 3g
′2
4
+
g2
4ρ
− g2ρ
}
, (197)
8π2
dρ
dt
≈ −9g
2
4
+
3g2ρ
4
+
3g′2ρ
4
+
3g2ρ2
2
. (198)
One feature about the RGEs given in Eqs. (185—198) is that quartic ACs (α4, α5, α6,
α7, and αa) will not contribute directly to the β functions of quadratic ACs (α1 and α8),
and the contribution is mediated by the triple ACs (α2, α3, and α9), and vice versa ( such
a statement only exist in the approximation we have used). Similarly, quartic ACs do not
contribute directly to the β function of gauge couplings g and g′.
Another remarkable feature is that the contributions of the quartic ACs dominate the
β functions of the triple and quartic ACs and those of the triple ACs dominate those
of quadratic ACs, if we estimate the contributions of ACs by using the experimental
constraints given in Eq. (1).
The third feature is that the ACs in the β functions always appear with gauge couplings
(g2 and g′2) in the form αig
2(g
′2), and this fact is related with the parameterization of the
ACs in Eq. ( 17 ). Actually, according to our modified power counting rule, the higher
power of these combinations should also belong to O(p0) and should appear at the beta
functions. Here just for the sake of simplicity and in order to qualitatively understand
the running behavior of the ACs, we have intendedly omitted higher power terms. The
complete RGEs will be provided in our coming paper. However, the numerical analysis is
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based on the complete RGEs.
To get a negative S parameter, large positive initial α1 at the matching scale is one
possible solution, as many new physics models propose. Here, based on the RGEs of the
α1, we regard it is possible to generate a negative S through the radiative corrections. As
indicated by the β function of α1, such a mechanism is possible either for a large ρ ( which
make the leading contributions smaller or even negative) or for large triple ACs, especially
the α2 and α3 due to their terms have a factor 3 compared with α8 and α9 (only if they
have different signs, and α2 is negative ). But considering the fact that ρ is constrained
by the T parameter, and according to the β function of ρ, we conclude that a reasonable
way is large triple ACs. It is no hard to find solutions to the negative S parameter at mZ
with positive initial value at the matching scale in the parameter space, and the region
for such a solution is quite large when considering the present experimental limits on the
ACs given in Eq. (1). Such a new mechanism might be a good news to some technicolor
models, where the theoretical predictions on S contradict with the present experimental
measurement.
In the case when all ACs are of order 1
(4π)2
, we can neglect those terms related with
αi. In this limit, our result should reduce to the result of the DM, which has the following
form
8π2
dg
dt
= −13
4
g3
2
, (199)
8π2
dg′
dt
=
25
4
g′3
2
(200)
8π2
dα1
dt
=
1
12
, (201)
8π2
dα2
dt
= − 1
24
, (202)
8π2
dα3
dt
= − 1
24
, (203)
8π2
dα4
dt
= − 1
12
, (204)
8π2
dα5
dt
= − 1
24
, (205)
8π2
dv
dt
= −3
8
(2g2 + g′2) v , (206)
8π2
dρ
dt
=
3
4
g′2 , (207)
while the rest of ACs vanish and do not develop, according to the calculation of this
method. These constants in the β functions of αi’s come from the contribution of Gold-
stone bosons.
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Below are several comments on the RGEs up to O(p4). 1) The RGEs complete the
EWCL as an effective field theory method to effectively describe the SM (without Higgs)
below TeV, since the RGEs are one of the basic ingredients of the effective field method. 2)
Although the RGE method is essentially equivalent to the calculations of infinite Feynman
diagrams by keeping to the leading logarithm results, it simplifies the calculation of loop
processes and makes the matching procedure much easier. 3) Not like the DM, the RGE
method includes the contributions of all low energy DOFs, not only those of Goldstone
bosons, but also those of vector bosons and those of mixing terms of these two kinds
of bosons as well. As we have shown in the SU(2) case [22], the last two kinds of
contributions might make the predictions of these method complete different. 4) The
RGEs also provide a new powerful tool for the comparative study on the possible new
physics near TeV region through the study of vector boson scatterings. The effects of the
heavy DOF to the low energy physics are quite transparent in this method, only the masses
(which determines the matching scale) and the couplings with the low energy DOF play a
part. Compared with the traditional procedure ( to formulate Feynman rules, construct
Feynman diagrams, calculate Feynman integral, renormalize the full theory, and extract
radiative corrections ), the RGEs have integrated these necessary steps into a powerful
and ease-to-use chip.
About the simplified-version RGEs given in Eqs. (185—198), we would like to point
out that in the effective Lagrangian of the Higgs model, the AC α5 can reach O(1). So the
terms contain α5 can make the behavior of the ACs quite different from the predictions
made by the DM1, as we will show in the next section.
1Most of the past works have considered how to extract the non-decoupling contributions of
heavy Higgs. Therefore the tree-level contribution from the exchange of heavy Higgs should
vanish in the decoupling limit. Their results indeed have discarded the tree-level contribution
and are consistent with their assumptions. Since in the decoupling limit, the terms proportional
to v2/m2H indeed can be safely neglected. (The result given by M. J. Herrero and E. R. Morales
has correctly included the tree level contribution.). But unfortunately, people use those results
to consider the Higgs effects even for the light Higgs case (say 200-600Gev), where v2/m2H is
not a small number which can be safely neglected, and its radiative correction is not small as
expected from the NPC rule
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VI. NUMERICAL ANALYSIS: THE APPLICATION OF THE RGE METHOD
TO THE HIGGS EFFECTS
To solve the differential equations of RGEs ( the numerical analysis in this section
is conducted by using the complete RGEs, while the simplified-version ones given in
Eqs. (185—198) can provide a qualitative understanding to the behaviors of the ACs.
Quantitatively, the differences of results made by the complete and the simplified are
neglectable, at least for the below case.), we need some basic inputs, which are also called
the boundary conditions. The boundary conditions of the RGEs given in Eqs. (185—
198) contain two classes: 1) the class of the low energy boundary conditions, where the
parameters g, g′, and v0 are fixed from the experimental values. We take the following
experimental inputs
mZ = 91.18 GeV, , mW = 80.33 GeV, sin θW (mZ) = 0.2312, αe(mZ) =
1
128
, (208)
with these inputs, according to the definition of g, g′, and v0, we have
g(mZ) = 0.65, g
′(mZ) = 0.36, v0(mZ) = 246.708 GeV . (209)
2) the class of the matching-scale boundary conditions, where the initial values of the
ACs αi are input by integrating out the heavy DOF and matching the full theory with
the effective theory. For the heavy Higgs case, at the tree-level the matching procedure
yields
α5(m0) =
v2
8m20
=
1
4λ
, ρ(m0) = 1 , (210)
while the rest of ACs vanish. For the RGE of DM, we will set all ACs vanish expect that
ρ(m0) = 1, in order to exaggeratingly demonstrate the differences of these two methods.
The relations between the ACs and the precision test parameters, the quadratic ver-
tices (S, T, and U) and the triple gauge vertices are determined as [6, 33]
S = −16πα1 , (211)
T =
ρ− 1
αem
, (212)
U = −16α8 , (213)
gZ1 − 1 =
1
c2 − s2
ρ− 1
2
+
1
c2(c2 − s2)e
2α1 +
1
s2c2
e2α3 , (214)
gγ1 − 1 = 0 , (215)
kZ − 1 = 1
c2 − s2
ρ− 1
2
+
1
c2(c2 − s2)e
2α1
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+
1
c2
e2(α1 − α2) + 1
s2
e2(α3 − α8 + α9) , (216)
kγ − 1 = 1
s2
e2(−α1 + α2 + α3 − α8 + α9) , (217)
Below we conduct a comparative study on the predictions of the RGE method and
the DM in the effective Lagrangian of the Higgs model.
As we know, the Higgs scalar’s effects include both the decoupled mass square sup-
pressed part as shown in Eq. (24), and the nondecoupling logarithm part as shown explic-
itly in the RGEs of the DM. So we consider the following four cases to trace the change
of roles of these two competing parts: 1) the light scalar case, with m0 = 150 GeV, where
the decoupling mass-square-suppressed part dominates; 2) the mediate heavy scalar case,
with m0 = 300 GeV, where the decoupling mass-square-suppressed part dominates; 3) the
not too heavy scalar case, with m0 = 450 GeV, where both contributions are important;
4) the very massive scalar case, with m0 = 900 GeV, where the nondecoupling logarithm
part dominates.
Fig. 1 is devoted to the first case, Fig. 2 to the second case, Fig. 3 to the third
case, and Fig. 4 to the third case. We also scan the region with the mass of Higgs taken
from 120 GeV to 420 GeV, and the result is given in Fig. 5 In Fig. 6, we compare the
predictions of these two method to the ACs and to the precision test parameters, 1) the
quadratic vertices parameters, S and T (the U parameter is quite small in both methods);
2) the triple gauge vertices, gZ1 − 1, kZ − 1, and kγ − 1.
Due to the large contributions of the leading terms and the fact that quartic ACs do
not contribute to their β functions, the gauge couplings g and g′ are quite dull to the
effects of the ACs. So there is no viewable difference between these two methods, and we
omit the running of these two gauge couplings.
The differences of the AC α1 in these two methods are small in these three cases
we consider. The underlying reason is due to the large leading contributions in its beta
function, and due to the cancellation of the terms α2 and α3 (since α2 and α3 have the
same signs).
The differences of these two methods are dramatic in the ACs α2, α3, and α4, when
Higgs scalar is far from its decoupling limit, similar to the SU(2) case [22]. The differences
of the AC α5 is the most dramatic, since the tree-level contribution is much larger than
the loop corrections. As revealed in these figures, the heavier the Higgs, the smaller the
differences between these ACs.
For the ACs α6, α7, α8, α9, and αa, due to the fact that the DM predicts a vanished
value, the differences are at the order of 10−4 in the first case (except α8 which is 10
−6),
at 10−5 in the second, third and fourth cases (except α8 which is 10
−7). As the result
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of the accidental symmetry—the custodial symmetry, the ρ is always near the unit in all
these three cases.
When the Higgs scalar is far lighter than its decoupling limit, the differences between
these two method are much more dramatic, as shown in Fig. 5. The tendency that the
differences between these two methods become smaller when the Higgs scalar is taken
heavier has been vividly outlined.
Such differences between these two methods can not be meaningfully detected in LHC
and LC for the α1, α6, α7, α8, α9, and αa, but can be hopefully detected for the α2,
α3, α4, and α5 when the Higgs scalar is light. The detection power of these machines is
estimated as
(α1 α8 β) ∼ O(0.001)−O(0.0001),
(α2 α3 α9) ∼ O(0.01)− O(0.001),
(α4 α5 α6 α7 αa) ∼ O(0.1)− O(0.01) . (218)
From Fig. 6, we see that from the triple gauge vertices, if the Higgs scalar is relatively
light (say 200 or 400 GeV or so), it is definitely possible for the experiments to distinguish
the predictions of these two methods.
VII. DISCUSSIONS AND CONCLUSIONS
In this paper we have formulated the EWCL in its mass eigenstates, and provided the
relations between the complete basis of the weak-interaction eigenstates and the one of
the mass eigenstates. We have modified the naive power rule in order to reliably extract
the large contributions of AOs and to control higher order contributions. We also have
studied the one-loop renormalization of the EWCL and derived its RGEs to the same
order. Theoretically, the RGEs complete the EWCL as an effective theory to describe the
SM below a few TeV. We have studied the EWCl of the Higgs model and have found that
after taking into account the contributions of Goldstone bosons, those of vector bosons,
and those of mixing terms between these two kinds of bosons as well, the effects of Higgs
can yield quite large triple ACs when the Higgs scalar is light.
It is helpful to compare the result of the RGE method and the DM with the underly-
ing renormalizable theory, the SM, to see why the trilinear couplings have such different
behavior in these two methods in the lower energy region. The terms proportional to
quartic couplings in the beta function of trilinear couplings, is equivalent to the contri-
bution of the diagram (in unitary gauge) given in Fig. 7. While in the SM, this diagram
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corresponds to the two diagrams (in unitary gauge) given in Fig. 8. By contracting the
Higgs line to a point, the Feynman diagrams in Fig. 8 reduce to the diagram in the Fig.
7. In the SM, these two kinds of diagrams will contribute to the trilinear couplings in
both divergent and non-divergent terms. The divergent part will contribute to both a
small finite constant term and a term with log dependence on the mass of Higgs, while
the non-divergent part is proportional to
m2
W
m2
H
. The RGE method has correctly taken into
account both the log term and the non-divergent part, but has missed the small finite
constant term (by using the one-loop matching conditions and two loop RGEs, this small
finite term will be taken into account); while the DM has assumed that the m2H is much
larger than m2W , so in this method the non-divergent part is neglected in order to be con-
sistent with its assumption, and only the log terms and the small finite constant are taken
into account. In the case when Higgs is not too heavy, the non-divergent terms might
be important, as the RGE method has revealed. In the case when Higgs is heavy, i.e.
approaching to the decoupling limit, then only the log terms play the major part in the
trilinear couplings, then both these two method yield the almost same prediction, with a
small finite constant terms as difference. That is the reason why these two effective theory
methods give quite different predictions on the behavior of trilinear couplings, when the
Higgs is not too heavy. In the case when Higgs is relative light, the higher order operators
(say, some O(p6) operators) might be also important, and contributions from these op-
erators will explain the difference between the result of RGE and the exact computation
in the underlying theory. According to the direct computation, the relative ratio of the
higher order operators contribution over the part computed by the RGE method can be
approximately expressed as ln(1 + 2m2W/m
2
H) − 1, and considering the fact that such a
ratio is quite small, so we claim that the RGE method has efficiently summed over the
most important effects.
In the SM, the AC α5 is tightly related with Higgs mass. While in the nonstandard
Higgs model [34], the ACs will have a lack dependence on the Higgs mass at the matching
scale,
α5 =
k2s
4λ
, α7 =
ksk
′
s
2λ
, αa =
k′s
4λ
, αi(i 6= 5, 7 a) = 0 . (219)
With the RGEs, we can careful explore the effects of quartic couplings to low energy
dynamics, in this model.
The RGEs will greatly simplify the procedure for us to study the effects of the new
physics beyond the SM, due to the fact that the tree-level matching conditions are enough
for the calculation while the one-loop contributions have been efficiently summed up by
the RGEs. As the applications of the RGEs, it is easier to comparatively study the
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possible effects to the vector bosonic sector of the SM which might come from various
possible new physics candidates, SUSY models, TC models, or ED models.
To establish the modified power counting rule and to derive the RGEs, we have as-
sumed that all ACs are of O(1). By assuming ACs of O(1), the EL might be limited in the
realistic application, due to the fact that the amplitude of the longitudinal components
of vector bosons (Goldstones) scattering processes at higher energy regions might violet
the unitarity condition once the momentum of vector boson goes a little higher than the
mass of vector bosons. However, considering the fact that the parameter space of the
effective theories should be composed by both the ultraviolet cutoff ΛUV and the ACs at
that scale, the condition for the violation of unitarity just imposes a helpful correlation
on the matching scale and the magnitude of ACs. If the magnitude of ACs is smaller,
then the ΛUV can be larger, vice versa. So our assumption and the RGE method have
relatively more flexibility to match with an unknown underlying theory from mW to 4 π v
than the specific assumption by assuming ACs are tiny and the cutoff is at 4 π v. As
the matter of fact, for the case when the ACs is large, before the unitarity condition is
actually violated, new particles or new resonances might have been found. Therefore, new
effective theories should be formulated to include new particles, and new RGEs should be
derived.
In order to simplify the calculations, we have not included the contributions of the
Fermion, especially the RGEs of the case with the top quarks much heavier than the
bottom quarks and the EW symmetry is further broken from the fermionic part, where
the anomaly term and terms violating C, P , and CP might be important after taking
into account radiative corrections.
The real world might prefer a light Higgs, as predicted in the SUSY models. So it
seems necessary to take the Higgs scalar as one of the basic blocks of the SM, and consider
the corresponding EWCL with not only the effective bosonic sector but also the effective
Higgs sector [13]. We will consider such a case in our future works [23].
The one-loop RGEs still can not reach to the precision which can be approached by
the future’s colliders, we will provide two-loop RGEs of EWCL in our future works [23].
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VIII. APPENDIX: THE RELATED MATRICES
In this appendix, we provide the related matrices of the quadratic terms of the L1−loop.
The basic definitions include, 1) the physics fieldsW+,W−, Z, and A from the interaction
eigenstates:
W+ =
1√
2
(
W 1 − iW 2
)
, W− =
1√
2
(
W 1 + iW 2
)
,
Z =
1
2
(
sin θWB − cos θWW 3
)
, A =
1
2
(
cos θWB + sin θWW
3
)
, (220)
2) the Lie algebra generator matrices:
T+ =
1√
2
(
T 1 + iT 2
)
, T− =
1√
2
(
T 1 − iT 2
)
,[
T+, T 3
]
= −T+ ,
[
T−, T 3
]
= T− ,[
T+, T−
]
= T 3 , tr[T+T−] = tr[T 3T 3] =
1
2
. (221)
There are some definitions to simplify the expressions:
Hµν+ = d
µW ν+ + d
νW µ+ , H
µν
− = d
µW ν− + d
νW µ− ,
HµνZ = ∂
µZν + ∂νZµ , SF µν+ =W
µ
+Z
ν +W ν+Z
µ ,
SF µν− = Z
µW ν− + Z
νW µ− , SF
µν
Z = W
µ
+W
ν
− +W
ν
+W
µ
− ,
SW µν+ = W
µ
+W
ν
+ , SW
µν
− = W
µ
−W
ν
− ,
SZµνZ = Z
µZν , SFP = 2W+ · Z ,
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SFM = 2W− · Z , SFZ = 2W+ ·W− ,
OW+ = W+ ·W+ , OW− = W− ·W− , OZZ = Z · Z . (222)
Below are those related matrices of the quadratic terms. The field strength of ΓV is
given as
ΓµνV V =

ΓµνAA Γ
µν
AZ Γ
µν
AW+ Γ
µν
AW−
ΓµνZA Γ
µν
ZZ Γ
µν
ZW+ Γ
µν
ZW−
ΓµνW−A Γ
µν
W−Z Γ
µν
W−W+ Γ
µν
W−W−
ΓµνW+A Γ
µν
W+Z Γ
µν
W+W+ Γ
µν
W+W−

and its components read
ΓµνAA = Γ
µν
AZ = Γ
µν
ZA = Γ
µν
ZZ = 0 ,
ΓµνAW+ = i
(2e+ C5)
4
√
C1
W µν− +
(2e+ C5)C7
8
√
C1
F µν− ,
ΓµνZW+ = −i
2eC2 + C2C5 + C1(−C6 + C7)
4
√
gZC1
W µν−
−C7 2eC2 + C2C5 + C1(−C6 + C7)
8
√
gZC1
F µν− ,
ΓµνW−W+ = −ieAµν +
iC7
2
Zµν
−gZC1(2e+ C5)
2 + (2eC2 + C2C5 + C1(−C6 + C7))2
16gZC21
F µνZ ,
ΓµνAW− = Γ
†µν
AW+ , Γ
µν
ZW− = Γ
†µν
ZW+ ,Γ
µν
W−A = −ΓµνAW− ,
ΓµνW+A = −ΓµνAW+ ,ΓµνW+W− = Γ†µνW−W+ , ΓµνW−W− = ΓµνW+W+ = 0 . (223)
The field strength of Γξ is given as
Γµνξξ =

ΓµνξZξZ Γ
µν
ξZξ+
ΓµνξZξ−
Γµνξ−ξZ Γ
µν
ξ−ξ+ Γ
µν
ξ−ξ−
Γµνξ+ξZ Γ
µν
ξ+ξ+ Γ
µν
ξ+ξ−

and its components read
ΓµνξZξZ = Γ
µν
ξ+ξ+ = Γ
µν
ξ−ξ− = 0 ,
ΓµνξZξ+ = i
g
2
√
ρ
W µν− +
−2e2G+ g2Gρ
4g
√
ρ
F µν− ,
Γµνξ−ξ+ = −ieAµν + i
(
− e
2G
g2
+
1
2
Gρ
)
Zµν − g
2
4ρ
F µνZ ,
Γµνξ+ξ− = Γ
†µν
ξ−ξ+ , Γ
µν
ξZξ−
= Γ†µνξZξ+ ,
Γµνξ−ξZ = −Γ
µν
ξZξ−
, Γµνξ+ξZ = −Γ
µν
ξZξ+
. (224)
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The σµνV V = Sσ
µν
V V + Aσ
µν
V V , and the symmetric matrix Sσ
µν
V V is determined as
SσµνV V =

SσµνAA Sσ
µν
AZ Sσ
µν
AW+ Sσ
µν
AW−
SσµνZA Sσ
µν
ZZ Sσ
µν
ZW+ Sσ
µν
ZW−
SσµνW−A Sσ
µν
W−Z Sσ
µν
W−W+ Sσ
µν
W−W−
SσµνW+A Sσ
µν
W+Z Sσ
µν
W+W+ Sσ
µν
W+W−

and its components are listed as
SσµνAA = −
1
4C1
(
−4e2 + C25
)
SF µνZ
+
1
16C1
(
−12e2 + 4eC5 + C25
)
SFZgµν ,
SσµνAZ =
1
4
√
gZC
3
2
1
(
−4e2C2 + C5(C2C5 − C1C6)− 2eC1C7
)
SF µνZ
+
1
16
√
gZC
3
2
1
[
12e2C2 − C5 (C2C5 + C1(−C6 + C7))
+e (−4C2C5 + 2C1(C6 + 3C7))
]
SFZgµν ,
SσµνAW+ =
1
8
√
C1
((2e− C5)C7)SF µν−
+
1
16
√
C1
((−2e + C5)C7)SFMgµν
+i
1
4
√
C1
(2e− C5)Hµν− ,
SσµνZZ =
4Ca
gZ
OZZgµν
+
1
4gZC21
(
4e2C22 − C22C25 + 2C1C2C5C6 + 4eC1C2C7 − C21 (C26 − 4C9)
)
SF µνZ
+
1
16gZC21
[
− 12e2C22 + C22C25 + 2C1C2C5(−C6 + C7)
+4eC2 (C2C5 − C1(C6 + 3C7)) + C21(C26 − 2C6C7 + C27 + 16C8)
]
SFZgµν
+8
Ca
gZ
SZµν ,
SσµνZW+ =
1
8
√
gZC1
(−2eC2C7 + C2C5C7 + C1(−C6C7 + 8C8 + 4C9))SF µν−
+
1
16
√
gZC1
(
2eC2C7 − C2C5C7 + C1(C6C7 − C27 + 8C9)
)
SFMgµν
+i
1
4
√
gZC1
(2gZfzwC1 + C2C5 − C1C6)Hµν− , (225)
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SσµνW−W+ = (
C27
4
+ C8)OZZg
µν + (−gZf
2
zw
2
− e
2
2C1
+ Cb + 2Cc)SF
µν
Z
+
1
32gZC21
(
(2eC2 + C2C5 + C1(−C6 + C7))2
+gZC1(4e
2 + 4eC5 + C
2
5 + 32C1Cb)
)
SFZgµν
+(−C
2
7
4
+ C9)SZ
µν , (226)
SσµνW−W− = −
1
16gZC
2
1
[
(2eC2 + C2C5 + C1(−C6 + C7))2
+gZC1(4e
2 + 4eC5 + C
2
5 − 32C1Cc)
]
OW+gµν
+(gZf
2
zw +
e2
C1
+ 2Cb)SW
µν
+ , (227)
SσµνAW− = Sσ
†µν
AW+ , Sσ
µν
ZA = Sσ
µν
AZ , Sσ
µν
ZW− = Sσ
†µν
ZW+ , (228)
SσµνW−A = Sσ
µν
AW− , Sσ
µν
W−Z = Sσ
µν
ZW− , Sσ
µν
W+A = Sσ
µν
AW+ , (229)
SσµνW+Z = Sσ
µν
ZW+ , Sσ
µν
W+W− = Sσ
µν
W−W+ Sσ
µν
W+W+ = Sσ
†µν
W−W− . (230)
Here † means to change the field W± → W∓ and i→ −i.
The antisymmetric matrix AσµνV V is given as
AσµνV V =

AσµνAA Aσ
µν
AZ Aσ
µν
AW+ Aσ
µν
AW−
AσµνZA Aσ
µν
ZZ Aσ
µν
ZW+ Aσ
µν
ZW−
AσµνW−A Aσ
µν
W−Z Aσ
µν
W−W+ Aσ
µν
W−W−
AσµνW+A Aσ
µν
W+Z Aσ
µν
W+W+ Aσ
µν
W+W−

and its components are listed as
AσµνAA = 0 , Aσ
µν
AZ = 0 ,
AσµνAW+ =
1
8
√
C1
((6e+ C5)C7)F
µν
− + i
1
4
√
C1
(6e+ C5)W
µν
− ,
AσµνZZ = 0 ,
AσµνZW+ =
1
8
√
gZC1
(−6eC2C7 − C2C5C7 + C1(C6C7 + 8C8 − 4C9))F µν−
+i
1
4
√
gZC1
(2gZfzwC1 − 4eC2 − C2C5 + C1C6 − 2C1C7)W µν− ,
AσµνW−W+ = −i
2e+ C5
2
Aµν +
(
−gZf
2
zw
2
− e
2
2C1
+ Cb − 2Cc
)
F µνZ − i
C6 − C7
2
Zµν ,
AσµνW−W− = 0 , Aσ
µν
AW− = Aσ
†µν
AW+ , Aσ
µν
ZA = −AσµνAZ ,
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AσµνZW− = Aσ
†µν
ZW+ , Aσ
µν
W−A = −AσµνAW− , AσµνW−Z = −AσµνZW− ,
AσµνW+A = −AσµνAW+ , AσµνW+Z = −AσµνZW+ , AσµνW+W− = −AσµνW−W+ ,
AσµνW+W+ = 0 . (231)
The symmetric σ2,ξξ is given as
σ2,ξξ =

σ2,ξZξZ σ2,ξZξ+ σ2,ξZξ−
σ2,ξ−ξZ σ2,ξ−ξ+ σ2,ξ−ξ−
σ2,ξ+ξZ σ2,ξ+ξ+ σ2,ξ+ξ−

and its matrix components are listed as
σ2,ξZξZ =
g2
4ρ
SFZ , σ2,ξZξ+ =
gG
√
ρ
8
SFM , (232)
σ2,ξ−ξ+ =
G2ρ2
4
OZZ +
g2
8ρ
SFZ , σ2,ξ−ξ− = − g
2
4ρ
OW+ , (233)
σ2,ξZξ− = σ
†
2,ξZ ,ξ+
, σ2,ξ−ξZ = σ2,ξZξ− , σ2,ξ+ξZ = σ2,ξZξ+ ,
σ2,ξ+ξ+ = σ
†
2,ξ+ξ+ , σ2,ξ+ξ− = σ2,ξ−ξ+ , (234)
One feature about the σµνV V and σ2,ξξ is remarkable. There is no terms like ∂ ·Z, d ·W±
in the components, the basic reason is due to the gauge fixing terms we have chosen in
Eq. (121).
Considering the fact that only the diagonal components of the matrix σ4 contribute
meaningfully to the renormalization up to O(p4), we only list those we concern
ρ v2 σ4,ξZξZ = H1
(4g2
G2
C4 − 2
G
C7
)
+L3
(−5g2 − 4G2
G4
C4 + 22g
2 +G2g2G3C7 +
2
g2G2
C8 − 1
g2G2
C9
)
+L5
(
− 4g
2 −G2
g2G2
C1 − 8 e
g2G
C2 +
4
G2
C3 − 4 e
g4
C5 +
4
g2G
C6 − 8
g4
Cb
)
+L6
(
− 6 g
4
G6
C4 + 6
g2
G5
C7 +
4
G4
C8 − 2
G4
C9
)
+L7
(
4
g2 −G2
g2G2
C1 + 8
e
g2G
C2 − 4C3
G2
C3 + 2
3g4 + 2g2G2
G6
C4 + 4
e
g4
C5
− 4
g2G
C6 − 24g
2 +G2
G5
C7 − 4g
2 +G2
g2G4
C8 − 2−3g
2 + 2G2
g2G4
C9 +
8
g4
Cb
)
+L8
(
− 4 1
G2
C4 + 2
1
g2G
C7
)
+L9
(5g2 + 4G2
G4
C4 − 22g
2 +G2
g2G3
C7 − 2
g2G2
C8 +
1
g2G2
C9
)
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+La
(
− 2g
2 −G2
g2G2
C1 − 4 e
g2G
C2 +
2
G2
C3 − 4 g
2
G4
C4 − 2 e
g4
C5 +
2
g2G
C6
+2
g2 +G2
G5
C7 +
4
g2G2
C8 + 4
−g2 +G2
g2G4
C9 − 4
g4
Cb
)
, (235)
v2σ4,ξ−ξ+ = H1
(
4
g2 −G2
G2
C1 + 8
e
G
C2 − 4 g
2
G2
C3 + 2
g2 + 2G2ρ
G2ρ
C4 − 1
Gρ
C7
)
+H2
[
− 4(−g
2 +G2)(−2 + ρ)
G2
C1 + 4
e(2g2 −G2)(−2 + ρ)
g2G
C2
+4
(−g2 +G2)(−2 + ρ)
G2
C3 + 2
e(−2 + ρ)
g2
C5 − 2(g
2 −G2)(−2 + ρ)
g2G
C6
]
+L1
[
2
2G2 + 2g2ρ−G2ρ
g2G2
C1
−2 1
eG5
(
2g2G2 + 2
e2G4
g2
+ g4ρ+ e2G2ρ− 3e
2G4ρ
g2
)
C2
−4 ρ
G2
C3 +
1
eg2G2
(
−2e
2G2
g2
− g2ρ+ e
2G2ρ
g2
)
C5 − 2(−1 + ρ)
g2G
C6
]
+L2
[
6g2 − 6G2 − 5g2ρ+ 3G2ρ
g2G2
C1 + 2
1
eG3
(
6
e2G2
g2
+ g2ρ− 4e
2G2ρ
g2
)
C2
+
−6 + 5ρ
G2
C3 +
1
eg2G4
[
− 2g4 − 2e2G2 + 2g2G2 + 6e
2G4
g2
+ g4ρ
+e2G2ρ− 3e
2G4ρ
g2
]
C5 + 2
−3 + 2ρ
g2G
C6 − 2−2 + ρ
g4
Cb + 4
−2 + ρ
g4
Cc
]
+L3
[
4
(g2 −G2)2
g2G4
C1 + 8e
g2 −G2
g2G3
C2 + 4
−g2 +G2
G4
C3 − 2g
2 − 2g2ρ+ 3G2ρ
G4ρ
C4
+2e
g2 −G2
g4G2
C5 + 2
−g2 +G2
g2G3
C6 +
g2 − 2g2ρ+ 3G2ρ
g2G3ρ
C7
]
+L4
[
6
(g2 −G2)ρ
g2G2
C1 + 12e
ρ
g2G
C2 − 6 ρ
G2
C3 + 6eρ
g4
C5
−6 ρ
g2G
C6 + 4
ρ
g4
Cb − 8 ρ
g4
Cc
]
+ L5
[
− 2(g
2 −G2)(1 + 3ρ2)
g2G2ρ
C1
−4 1
gG2ρ
(
eG
g
+ 3
eGρ2
g
)
C2 + 2
1 + 3ρ2
G2ρ
C3 − 2 1
g3Gρ
(
eG
g
+ 3
eGρ2
g
)
C5
+2
1 + 3ρ2
g2Gρ
C6 − 41 + ρ
2
g4ρ
Cb + 8
ρ
g4
Cc
]
+L6
[
− 2 1
g2G6
(
(g2 −G2)(2g4 − 4g2G2 + 2G4 + 3G4ρ)
)
C1
−4e 1
g2G5
(
2g4 − 4g2G2 + 2G4 + 3G4ρ
)
C2
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+2
1
G6
(
2g4 − 4g2G2 + 2G4 + 3G4ρ
)
C3 − 2 1
G6ρ
(
g4 − 4g4ρ+ 4g2G2ρ
)
C4
−2e 1
g4G4
(
2g4 − 4g2G2 + 2G4 + 3G4ρ
)
C5
+2
1
g2G5
(
2g4 − 4g2G2 + 2G4 + 3G4ρ
)
C6
+
1
G5ρ
(
g2 − 8g2ρ+ 8G2ρ
)
C7 − 8 1
g2G4
(
−g2 +G2
)
C9
−4 1
g4G4
(
−2g4 + 4g2G2 − 2G4 +G4ρ
)
Cb
+8
1
g4G4
(
2g4 − 4g2G2 + 2G4 +G4ρ
)
Cc
]
+L7
[
2(g2 −G2) 1
g2G6ρ
(
G4 + 10g4ρ− 16g2G2ρ+ 6G4ρ+ 4g2G2ρ2 +G4ρ2
)
C1
+4e
1
g2G5ρ
(
G4 + 10g4ρ− 16g2G2ρ+ 6G4ρ+ 4g2G2ρ2 +G4ρ2
)
C2
−2 1
G6ρ
(
G4 + 10g4ρ− 16g2G2ρ+ 6G4ρ+ 4g2G2ρ2 +G4ρ2
)
C3
−2g2 1
G6ρ
(
−g2 −G2 + 4g2ρ− 4G2ρ
)
C4
+2e
1
g4G4ρ
(
G4 + 8g4ρ− 14g2G2ρ+ 6G4ρ+ 3g2G2ρ2 +G4ρ2
)
C5
−2 1
g2G5ρ
(
G4 + 8g4ρ− 14g2G2ρ+ 6G4ρ+ 3g2G2ρ2 +G4ρ2
)
C6
+
1
G5ρ
(
−2g2 −G2 + 12g2ρ− 12G2ρ+ 2G2ρ2
)
C7
+2
1
g2G4ρ
(
−G2 + 8g2ρ− 8G2ρ+ 2G2ρ2
)
C8
+2
1
g2G4ρ
(
g2 −G2
)
C9 + 4
1
g4G4ρ
(
G4 + 6g4ρ− 12g2G2ρ+ 6G4ρ
+2g2G2ρ2 −G4ρ2
)
Cb − 8 ρ
g4
Cc
]
+L8
[
− 4(g
2 −G2)(3 + ρ)
g2G2
C1 − 8e3 + ρ
g2G
C2 + 4
3 + ρ
G2
C3 − 2g
2 + 6G2ρ
g2G2ρ
C4
−2eρ
g4
C5 + 2
ρ
g2G
C6 +
1
g2Gρ
C7
]
+L9
[
− (g2 −G2) 1
g2G4
(
4g2 − 8G2 − 5G2ρ
)
C1
−2e 1
g2G3
(
4g2 − 8G2 − 5G2ρ
)
C2
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+
1
G4
(
4g2 − 8G2 − 5G2ρ
)
C3 + 2
1
G4ρ
(
g2 − 2g2ρ+ 3G2ρ
)
C4
−2e 1
g4G2
(
g2 − 2G2 − 2G2ρ
)
C5 + 2
1
g2G3
(
g2 − 2G2 − 2G2ρ
)
C6
+
1
g2G3ρ)
(
−g2 + 2g2ρ− 3G2ρ
)
C7 + 2
ρ
g4
Cb − 4 ρ
g4
Cc
]
+La
[
− (g
2 −G2)
g2G6ρ
(
G4 + 16g4ρ− 24g2G2ρ+ 8G4ρ+ 8g2G2ρ2 − 4G4ρ2
)
C1
−2e 1
g2G5ρ
(
G4 + 16g4ρ− 24g2G2ρ+ 8G4ρ+ 8g2G2ρ2 − 4G4ρ2
)
C2
+
1
G6ρ
(
G4 + 16g4ρ− 24g2G2ρ+ 8G4ρ+ 8g2G2ρ2 − 4G4ρ2
)
C3 − 2 g
2
G4ρ
C4
−e 1
g4G4ρ
(
G4 + 12g4ρ− 20g2G2ρ+ 8G4ρ+ 6g2G2ρ2 − 4G4ρ2
)
C5
+
1
g2G5ρ
(
G4 + 12g4ρ− 20g2G2ρ+ 8G4ρ+ 6g2G2ρ2 − 4G4ρ2
)
C6
+
1
G5ρ
(
g2 +G2 − 4g2ρ+ 4G2ρ− 2G2ρ2
)
C7
+2
1
g2G6ρ
(
G4 + 12g4ρ− 32g2G2ρ+ 20G4ρ+ 4g2G2ρ2 − 6G4ρ2
)
C8
+
2(g2 −G2)
g2G6ρ
(
−G2 + 12g2ρ− 16G2ρ+ 4G2ρ2
)
C9
+
16
G6
(
4g2 − 4G2 +G2ρ
)
Ca
−2 1
g4G4ρ
(
G4 + 16g4ρ− 32g2G2ρ+ 16G4ρ+ 4g2G2ρ2 − 4G4ρ2
)
Cb
−16(g2 −G2)2g4G4Cc
]
, (236)
σ4,ξ+ξ− = σ4,ξ−ξ+ . (237)
The sS matrix is a symmetric matrix about is Lorentz indices, and is given as
v2 sSαβξξ =

sSξZξZ sSξZξ+ sSξZξ−
sSξ−ξZ sSξ−ξ+ sSξ−ξ−
sSξ+ξZ sSξ+ξ+ sSξ+ξ−

and its components read
sSξZξZ = 16
Ca
G2
OZZgαβ
+4
1
G3
(
−e2GC4 + g2(GC4 − C7) +GC9
)
SF αβZ + 32
Ca
G2
SZαβ , (238)
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sSξZξ+ = −2
1
gG2
(
e2GC4 + g
2(−GC4 + C7) +G(2C8 + C9
)
SF αβ− , (239)
sSξ−ξ+ = 2
1
g2G
(
e2G(C1 − C3)− e(2g2C2 +GC5)
+g2(GC3 + C6) + 2G(Cb + 2Cc)
)
SF αβZ
+4
(
C4 − e
2
g2
C4 − 1
G
C7 +
1
g2
C9
)
SZαβ , (240)
sSξ−ξ− = −4 1
g2G
(
e2G(C1 − C3)− e(2g2C2 +GC5)
+g2(GC3 + C6)− 2GCb
)
SW αβ+ , (241)
sSξZξ− = sS
†
ξZξ+
, sSξ−ξZ = sSξZξ− , sSξ+ξZ = sSξZξ+ ,
sSξ+ξ+ = sS
†
ξ−ξ− , sSξ+ξ− = sS
αβ
ξ−ξ+ . (242)
The sA matrix is an antisymmetric matrix about its Lorentz indices, and is given as
v2 sAαβξξ =

sAξZξZ sAξZξ+ sAξZξ−
sAξ−ξZ sAξ−ξ+ sAξ−ξ−
sAξ+ξZ sAξ+ξ+ sAξ+ξ−

and its components read
sAξZξZ = 0 , (243)
sAξZξ+ = −2i
2g2C4 −GC7
gG2
W αβ−
+2
1
gG2
(
−e2GC4 + g2(GC4 − 2C7) +G(−2C8 + C9)
)
F αβ− , (244)
sAξ−ξ+ = −2i 1
g2G
(
−2eGC1 + 2g2C2 +GC5
)
Aαβ
−2i−2eGC2 + 2g
2C3 +GC6
g2G
Zαβ
−2 1
g2G
(
e2G(C1 − C3)− 2e(g2C2 +GC5)
+g2(GC3 + 2C6)− 2G(Cb − 2Cc)
)
F αβZ , (245)
sAξ−ξ− = 0 , sAξZξ− = sA
†
ξZξ+
, sAξ−ξZ = −sAξZξ− ,
sAξ+ξZ = −sAξZξ+ , sAξ+ξ+ = 0 , sAξ+ξ− = −sAξ−ξ+ , (246)
The S˜µαβ matrix is antisymmetric on αβ, and is given as
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S˜µαβ =

0 icsAξWX
−,µ
αβ −icsAξWX+,µαβ
0 icsZξWX
−,µ
αβ −icsZξWX+,µαβ
−icsWξZX+,µαβ −icsWξWXZ,µαβ 0
icsWξZX
−,µ
αβ 0 icsWξWX
Z,µ
αβ

where the relevant definitions are
X−,µαβ =W
−
α g
µ
β +W
−
β g
µ
α − 2gαβW−,µ , (247)
X+,µαβ =W
+
α g
µ
β +W
+
β g
µ
α − 2gαβW+,µ , (248)
XZ,µαβ = Zαg
µ
β + Z
βgµα − 2gαβZµ , (249)
vcsAξW = −
−2eGC1 + 2g2C2 +GC5
2gG
, (250)
vcsZξW = −
−2eGC2 + 2g2C3 +GC6
2gG
, (251)
vcsWξZ = −
2g2C4 −GC7
2G2
, (252)
vcsWξW =
2g2C4 −GC7
2gG
. (253)
The A˜µαβ matrix is antisymmetric on αβ, and is given as
A˜µαβ =

0 icsAξWA
−,µ
αβ −icsAξWA+,µαβ
0 icsZξWA
−,µ
αβ −icsZξWA+,µαβ
−icsWξZA+,µαβ −icsWξWAZ,µαβ 0
icsWξZA
−,µ
αβ 0 icsWξWA
Z,µ
αβ

A−,µαβ = W
−
β g
µ
α −W−α gµβ , (254)
A+,µαβ = W
+
β g
µ
α −W+α gµβ , (255)
AZ,µαβ = Zβg
µ
α − Zαgµβ , (256)
The X˜µα1 is a 4× 3 matrix
v X˜µα1 =

Xµα1,AξZ X
µα
1,Aξ+ X
µα
1,Aξ−
Xµα1,ZξZ X
µα
1,Zξ+ X
µα
1,Zξ−
Xµα1,W−ξZ X
µα
1,W−ξ+ X
µα
1,W−ξ−
Xµα1,W+ξZ X
µα
1,W+ξ+ X
µα
1,W+ξ−
 ,
and its components read
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Xµα1,AξZ = e
2g2C4 −GC7)
G2
SF αµZ + e
−2g2C4 +GC7
G2
SFZgαµ , (257)
Xµα1,Aξ+ = e
(
− gC4
G
+
C7
2g
)
F αµ− + e
(gC4
G
− C7
2g
)
SF αµ−
+e
(
− gC4
G
+
C7
2g
)
SFMgαµ , (258)
Xµα1,ZξZ =
8Ca
G
OZZgαµ +
−g2C7 + 2GC9
G2
SF αµZ
+
(g2C7 + 2GC8
G2
SFZgαµ +
16Ca
G
SZαµ , (259)
Xµα1,Zξ+ =
(3gC7
2G
+
2C8 − C9
g
)
F αµ− −
g2C7 + 4GC8 + 2GC9
2gG
SF αµ−
+
(gC7
2G
− C9
g
)
SFMgαµ + i
(2gC4
G
− C7
g
)
W αµ− , (260)
Xµα1,W−ξZ = −
3g2C7 + 4GC8 − 2GC9
2G2
F αµ+ +
g2C7 + 4GC8 + 2GC9
2G2
SF αµ+
−g
2C7 − 2GC9
2G62
SFPgαµ + i
−2g2C4 +GC7
G2
W αµ+ , (261)
Xµα1,W−ξ+ = −i
−2eGC1 + 2g2C2 +GC5
gG
Aαµ
+
3eGC5 − 3g2C6 + 4G(Cb − 2Cc)
2gG
F αµZ +−
(gC7
G
+
2C8
g
)
OZZgαµ
+
eGC5 − g2C6 − 4G(Cb + 2Cc)
2gG
SF αµZ −
eGC5 − g2C6 + 4GCb
2gG
SFZgαµ
+
(gC7
G
− 2C9
g
)
SZαµ
−i−2eGC2 + 2g
2C3 +GC6
gG
Zαµ , (262)
Xµα1,W−ξ− =
1
g
(
eC5 − g
2C6
G
− 4Cc
)
OW+gαµ
+
1
g
(
−eC5 + g
2C6
G
− 4Cb
)
SW αµ+ , (263)
Xµα1,Aξ− = X
µα,†
1,Aξ+ , X
µα
1,Zξ− = X
µα,†
1,Zξ+ ,
Xµα1,W+ξZ = X
µα,†
1,W−ξZ
, Xµα1,W+ξ+ = X
µα,†
1,W−ξ+ , X
µα
1,W+ξ− = X
µα,†
1,W−ξ− . (264)
The X˜µα2 is a 4× 3 matrix
58
v X˜µα2 =

Xµα2,AξZ X
µα
2,Aξ+ X
µα
2,Aξ−
Xµα2,ZξZ X
µα
2,Zξ+ X
µα
2,Zξ−
Xµα2,W−ξZ X
µα
2,W−ξ+ X
µα
2,W−ξ−
Xµα2,W+ξZ X
µα
2,W+ξ+ X
µα
2,W+ξ−
 ,
and its components read
Xµα2,AξZ = 0 , (265)
Xµα2,Aξ+ =
1
gG
[
− 4e2GC2 −G2C5 + g2(2GC2 + C5)
+e
(
−4g2C1 +G(2GC1 + C7)
) ]
F αµ−
+i2
1
gG
[
g2C2 + eG(−C1 + C4)
]
W αµ− , (266)
Xµα2,ZξZ = 0 , (267)
Xµα2,Zξ+ =
1
gG
[
2e(−2g2 +G2)C2 − 4e2GC3
−G2C6 + g2(2GC3 + C6 − C7)
]
F αµ−
−2ieGC2 + g
2(−C3 + C4)
gG
W αµ− , (268)
Xµα2,W−ξZ =
(
− 2g
2C4
G
+ C7
)
F αµ+ , (269)
Xµα2,W−ξ+ = 2i
g2C2 + eG(−C1 + C4)
gG
Aαµ +
(
2gC4 − eC5
g
+
gC6
G
)
F αµZ
−2i 1
gG
[
eGC2 + g
2(−C3 + C4)
]
Zαµ , (270)
Xµα2,W−ξ− = 0 , X
µα
2,Aξ− = X
µα,†
2,Aξ+ , X
µα
2,Zξ− = X
µα,†
2,Zξ+ ,
Xµα2,W+ξZ = X
µα,†
2,W−ξZ
, Xµα2,W+ξ+ = X
µα,†
2,W−ξ+ , X
µα
2,W+ξ− = X
µα,†
2,W−ξ− . (271)
The matrix X˜µ01 is given as
X˜µ01 =

Zµ01,AξZ Z
µ
01,Aξ+ Z
µ
01,Aξ−
Zµ01,ZξZ Z
µ
01,Zξ+ Z
µ
01,Zξ−
Zµ01,W−ξZ Z
µ
01,W−ξ+ Z
µ
01,W−ξ−
Zµ01,W+ξZ Z
µ
01,W+ξ+ Z
µ
01,W+ξ−
 ,
and its components read
Zµ01,AξZ = 0 , Z
µ
01,Aξ+ = −
i
4
g(2e+ C5)vW
µ
− ,
59
Zµ01,ZξZ = 0 , Z
µ
01,Zξ+ = −
i
4g
(2e2G+ g2C6)vW
µ
− ,
Zµ01,W−ξZ =
i
2
fzwGρvW
µ
+ , (272)
Zµ01,W−ξ+ = −
i
4g
(2e2G+ g2C7)vZ
µ , (273)
Zµ01,W−ξ− = 0 , Z
µ
01,Aξ− = Z
µ,†
01,Aξ+ , Z
µ
01,Zξ− = Z
µ,†
01,Zξ+ , (274)
Zµ01,W+ξZ = Z
µ,†
01,W−ξZ
, Zµ01,W+ξ+ = Z
µ,†
01,W−ξ− , Z
µ
01,W+ξ− = Z
µ,†
01,W−ξ+ , (275)
The matrix X˜µ03 is given as
vX˜µ01 =

Zµ03,AξZ Z
µ
03,Aξ+ Z
µ
03,Aξ−
Zµ03,ZξZ Z
µ
03,Zξ+ Z
µ
03,Zξ−
Zµ03,W−ξZ Z
µ
03,W−ξ+ Z
µ
03,W−ξ−
Zµ03,W+ξZ Z
µ
03,W+ξ+ Z
µ
03,W+ξ−
 ,
and its components read
Zµ03,AξZ = 0 , (276)
Zµ03,Aξ+ = i
(egC7)
G
+
2eC8
g
)
OZZ W µ−
+i
(
− 2e
3
g
C1 + 4
−g5 + g3G2
G3
C2 − 2eg
3
G2
C3 +
3
2
−g3 + gG2
G2
C5
−3
2
eg
G
C6 + 2
e
g
Cb
)
SFZ W µ− , (277)
Zµ03,ZξZ = 0 , (278)
Zµ03,Zξ+ = i
(2e2GC8
g3
+
2e2GC9
g3
)
OZZ W µ−
+i
(
− g2g
4 − 3g2G2 +G4
G3
C1 − 2eg2g
2 −G2
G2
C2 − −2g
5 + g3G2
G3
C3
−e
2
3g2 − 2G2
gG
C5 +
1
2
3g3 − 2gG2
G2
C6 + 2
e2G
g3
Cb
)
SFZ W µ− , (279)
Zµ03,W−ξZ = 0 , (280)
Zµ03,W−ξ+ = i
(2e2GC8
g3
+
2e2GC9
g3
)
OZZ Zµ
+i
(e
2
−2g2 +G2
gG
C5 +
1
2
2g3 − gG2
G2
C6 +
g
2
C7 +
2e2G
g3
Cb
)
SFZ Zµ , (281)
Zµ03,W−ξ− = 0 , Z
µ
03,Aξ− = Z
µ,†
03,Aξ+ , Z
µ
03,Zξ− = Z
µ,†
03,Zξ+ , (282)
Zµ03,W+ξZ = Z
µ,†
03,W−ξZ
, Zµ03,W+ξ+ = Z
µ,†
03,W−ξ− , Z
µ
03,W+ξ− = Z
µ,†
03,W−ξ+ , (283)
60
In these tilded quantities, there are also no terms like ∂ ·Z and d ·W±. The unbroken
Uem symmetry is explicit in these matrices.
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FIG. 1. The x axe is t = ln µmZ , and m0 = 150 GeV. The solid lines are for the RGE method,
while the dashed lines for the DM. The fig1.a—fig1.j are for the ACs α1—αa, respectively.
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FIG. 2. The x axe is t = ln µmZ , and m0 = 300 GeV. The solid lines are for the RGE method,
while the dashed lines for the DM. The fig2.a—fig2.j are for the ACs α1—αa, respectively.
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FIG. 3. The x axe is t = ln µmZ , and m0 = 450 GeV. The solid lines are for the RGE method,
while the dashed lines for the DM. The fig3.a—fig3.j are for the ACs α1—αa, respectively.
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FIG. 4. The x axe is t = ln µmZ , and m0 = 900 GeV. The solid lines are for the RGE method,
while the dashed lines for the DM. The fig4.a—fig4.j are for the ACs α1—αa, respectively.
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FIG. 5. The αi(mZ) with the scanning of the Higgs mass from 120 GeV to 420 GeV. The
solid lines are for the RGE method, while the dashed lines for the DM. The fig5.a—fig5.i are for
the ACs α1—αa, respectively. The fig5.j is for ρ.
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FIG. 6. The precision test parameters at mZ with the scanning of the Higgs mass from 120
GeV to 420 GeV. The solid lines are for the RGE method, while the dashed lines for the DM. The
fig6.a is for the S-T plate, where the S and T are represented by the x and y axes, respectively.
The fig6.b, fig6.c and fig6.d are for the triple gauge vertices gZ1 −1, kZ−1, and kγ−1, respectively.
While for these three figures, the x axe is the varying of the mass of the Higgs.
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1FIG. 7. The related Feynman diagram (in unitary gauge) in the effective theory which con-
tribute to the trilinear couplings.
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FIG. 8. The related Feynman diagram (in unitary gauge) in the renormalizable theory which
contribute to the trilinear couplings.
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